Introduction to Reinforcement Learning Tengyang Xie

Lecture 14: Function Approximation II:
Control and the Deadly Triad

How to use these notes. Board content in board order: figures, equations, tables,
one-line statements. Today’s task is control when the table is too big: the learner chooses
the actions, keeps d numbers for all the pairs, and bootstraps; the questions are where
the update stops and when it does not stop at all. Policy evaluation with features enters
as a stated fact (one gray box); everything else is defined where it is first used, so the
note stands on its own. Reading: Sutton and Barto (2018, Sections 10.1 and 11.1-11.3);
optional, Ernst et al. (2005) for fitted Q-iteration. Throughout the course, the notes draw
on the public materials of Stanford CS 234 (Brunskill, 2026), UIUC CS 443 (Jiang, 2026),
and Cornell CS 4789 (Sun, 2025); some examples are adapted from them.

Control With Features: the Learner Chooses
The prize tree, seven states in three layers (O; L, R; LL, LR, RL, RR), the choices now the

learner’s: at every state left or right, the move is sure, and the last step right from RR pays
8; v = 1. Wanted: the best rule, from d numbers for fourteen pairs.

%\
I A
carner i »-| hidden tree
d parameters w, ¢(s,a) |
0 0 0 8 < P,r
acts greedy or e-greedy [ R;i1, Sit1
A
1
d ) & Tr?
3 [ or a log of another rule b ] greedy(Qu) ~ =
0 0 0 0 0 0 0 8

« on the left arrow of a state, — on the right Control with features: the learner acts, or reads a

log; the tree answers; d numbers stand for every
The control tree. On each arrow, in gray, Q*(s, a),

hidden from the learner: 8 along the prize path, 0 off it.
V*=(8;0,8;0,0,0,8); 7*: right, right, right.

pair; P and r are never seen.

When the learner chooses the actions and keeps d numbers for the pairs: how does

the bootstrapped update move them, where does it stop, and when does it fail to stop
at all?
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Policy evaluation with features (stated) (Sutton and Barto, 2018, Sections 9.3-9.4).

Vip(5) = w' p(s); w  w + a (target — V,,(St)) Vi Vi (St)

the template; target G: gradient Monte Carlo; target Ry 1 + vViy(Si41): semi-gradient TD(0)

a fair coin, one number for the bottom layer: V,, = (1;0,2; 1,1,1,1)

the prize tree: where the returns stop, the best fit, VE = Y _u(s)(V™ — V)2 =3
Vierp = (1; 1,15 1,1, 1, 1)

where TD(0) stops, its fixed point, VE 4: the bootstrapped target reads the shared number

Sy ~ p of 7 itself (on-policy), V,, linear = w;, — wrp

the theorem, two conditions; control removes the first: the data come from another rule

Today’s targets.

1. Control: Q,(s,a) = w' (s, a); semi-gradient Q-learning is the template with the max;
two episodes by hand: a left turn at L priced 2 by the prize behind RR.

2. Fitted Q-iteration: freeze the targets, regress, repeat; three rounds on six transitions:
the fit ties O (4 against 4), the table finds the prize path; in proportion, a tie at every
choice.

3. The deadly triad: features, bootstrapping, off-policy; two states by hand, w — 1.4 w;
Baird’s seven states by computer, 12 — 677, in a reading box.

The data, the template, and what is wanted.

So =0, Ao, Ry, S1, A1, Ra, S, A, Rs, end,; A; ~b(- | S)
one episode; b is the behavior, the rule that drew the actions: the learner’s own, or a log’s
Q*(s,a) =r(s,a)+v> . P(s'| s,a) max, Q*(5',d), m*(s) = argmax, Q*(s, a)
what is wanted (stated); on the tree Q* is written on the arrows
Q(St, Ar) < Q(St, Ar) + a (target — Q(S;, Ay)), target = R4 + 7 max Q(St11,a)

Q-learning on a table (stated): the optimality backup sampled; SARSA: Ri11 + vQ(Sty1, Ar+1)
11

29 4>
two episodes, six transitions, below; (s, a): the probability of taking the pair; each layer sums to 1

the hand runs: b = the coin, left or right w.p. ; wis,a) = 5 by layer

today: d numbers for 14 pairs; known: transitions, v, ¢; hidden: P, r, Q*
the table keeps 14; the learner keeps d and reads its rule off them
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—, 0

episode 1 Q G i —>’8

+—, 0

episode 2 @ 7 G . —>’O

Two episodes of the coin, used by hand throughout: the prize, then a left turn and nothing. Six transitions
(St, Aty Rij1, Sey1): the record of the hand runs.

above each arrow: the action, then the reward

Q with features (Sutton and Barto, 2018, Section 10.1).

Qu(s,a) =w'¢(s,a),  VuQu(s,a) = (s, a)
the fit on pairs and its gradient; any differentiable ()., a network included, supplies both
P(s,a) = esa) 0 Qu(s,a) =wea) one-hot: the table, 14 numbers on the tree

d(s,a) = egs)a) 1 Quls,a) = Wy(s)a
a group of states shares one number per action; the gradient is the cell’s indicator

the layer class: one cell w, , per group g € {O,L, R, 2} and action a; d=28

O, L, R alone, the bottom layer shares its two cells (wa., wa—,): the grid below

greedy w.rt. Q, :  argmax @ (s,a)

| A| evaluations of the fit, no model: a lookup, as with a table

Example: is Q* in the class?

layer class: @Q*(LL,—) = 0 and Q*(RR, —) = 8 must share w;_, no
the greedy policy of Q* is in it (right everywhere); Q* itself is not
the dead-end class on pairs: (O, —), (R,—), (RR, —) alone, wp, for the other eleven
four numbers: the three steps of the prize path, and one for everything off it
Q" atw = (8,8,8,0) yes
so the stop of any method is the truth there, as on a table

the layer class “— — qiy@wjﬁ
O WO+  WO— . , '@‘

wp wp WD WR—s
L WL WL—

R WRe  WR— ; ; @
wp wWp Wp WD WD

LL, LR, RL, RR | woe  woy D WD WRR—
The grid of the layer class: eight cells; the bottom The dead-end class on pairs: the three steps of the prize
row (blue) serves four states. One-hot would have path alone (blue), one number wp for the eleven
seven rows. arrows that leave it; Q* is in it.
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Semi-gradient Q-learning (Watkins, 1989), (Sutton and Barto, 2018, Sections 10.1 and
11.1).

 Input: transitions (S;, A;, Ri+1, Si+1) drawn by any behavior b; the features ¢; a step
size . Output: w, read as the policy argmax, Q. (s, a).

e Start: wy = 0; Q,(end, ) = 0.
* Each step t:

Y = Riy1 + 7 max Qu, (Si11, a), O = Y — Qu, (S, Ay) target and TD error

G(w) = 1 (Qu(S, Ar) — yt)2 hold vy, fixed when differentiating
Wi = Wy — & Vwﬁt (’U)t) =w; +« 5t Vwa(St, At) ‘w:wt chain rule
Wiy = wy + ady P(Sy, Ar); a group: Wy, ¢ Wy, + 0oy

with features; by hand one cell moves

e SARSA with features: the target Rii1 + 7 Qu(St+1, Atr1), Air1 the behavior’s next
action (on-policy); Expected SARSA: Y 7(a | Sit1) Quw(Si+1,a).
* One-hot: Q-learning on the table. Memory d; |.A| evaluations of the fit a step.
Off-policy by construction: b decides which pair is updated, the max prices the greedy
rule. Semi: differentiate the prediction while holding y; fixed.

Example: semi-gradient Q-learning by hand. a = 3, v = 1, w = 0, the layer class, the
six transitions; §; = Ry11 + max, Qu(Sii1,a) — Qu(Sy, Ar).

t=0, (0,—,0,R): 9y =0+ max(wr,,wr-) — wo =0
nothing moves: every cell reads 0
t=1, (R,—,0,RR): 0; =0+ max(ws,,ws ) —wr, =0
t=2, (RR,—,8,end): & =8 —wy, =38, Wy <~ 0+3-8=4
right reads 4 at all four bottom states; the table: at RR only
t=3, (0,<-,0,L): 05 =0+ max(wp,wr,) — wor =0
t=4, (L,«,0,LL) : 4 =0+ max(wy,,wy,) — wr,. = max(0,4) —0=4
the max reads the shared 4: a left turn priced by the prize behind RR
WL < 0+ % -4 =2 the table’s target read 0; its (L, <) stays 0
t=75, (LL,—,0,end) : 5 =0 — wy_, = —4, Wy, 4+ 1(—4) =2
LL pulls the shared cell down, RR with it
after two episodes: @, = (0,0; 2,0; 0,0; 0,2); the table: Q(RR,—) = 4 only
the fit prefers left at L, right at the bottom
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after two episodes | <+ —
@) 0 0
L 2 0
R 0o 0
0 20 0 20 0 20 0 2@
LL, LR, RL, RR 0o 2

- - On the arrows: the fit in blue, the table in gray. One visit to
The grid after two episodes: two cells

moved, (L, ) and the shared (2, —). RR priced “right” at every bottom state; the max then priced

a left turn at L by it.
* The max in the target reads shared numbers: a left turn at L was priced by the prize
behind RR, a state the left turn cannot reach.

* Where the numbers are pulled in the long run: the batch version, next, which also
replaces the noise of one pass by a regression.

The Batch Version: Fitted Q-Iteration

Fitted Q-iteration (FQI) (Ernst et al., 2005; Riedmiller, 2005); fitted value iteration,
Gordon (1995).
e Input: a record D = {(s;,a;, 7, s;)}¥, from any behavior; a class {Q, }; rounds K.
Start: wy = 0.
e Roundk=0,1,..., K — 1:

yi = r; + ymax Qy, (s}, a) the targets, frozen for the round: wy, not w
a

. 2
Wiy = argmin Zf;l (Qw(si, a;) — yl)

fit the same squared loss over the record; a group’s cell: the mean target

* Output: the greedy policy of (),,,,. Any class fits a round: a network, by SGD on the
squared loss, the targets frozen throughout.
One-hot: the mean target at a pair is 7(s,a) + 7>, P(s' | s,a) max, Qu, (', a), value
iteration in the record’s own model (stated): where replaying the record with Q-learning
and a shrinking step heads.
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Example: three rounds of FQI on the six transitions. The layer class, v = 1, wy = 0; a
cell is the mean of the targets of its transitions.

round 1: y; =7, =0,0,8; 0,0,0 = wy_, = %2 =4, every other cell 0
(RR, —) and (LL, —) share the cell: 8 and 0 averaged
round 2: (R,—) = RR, (L,+) - LL: y = max(we,,we,) =4 = wr, =wr. =4
both read the shared 4 through the max
(0,—) =R, (0,<) = L: y=max(0,0) =0
the targets read the frozen cells of round 1: still 0 at L and R
round 3: (O,—) - R: y=max(0,4) =4; (0,+) —=L: y=max(4,0) =4
the cells of round 2 at R and at L, read through the max
= Woe =wWo, =4

settled: round 4 repeats round 3; the rounds walk back from the end

round 1 | round 2 | round 3 the table, round 3
e e R R —

@) o O0]0 0|4 4]0 8

L 0O 0|4 0|4 010 0

R 0O O0]0 4|0 4]0 8

bottom | 0 4 | 0 4 | 0 4 | QRR,—) =28, therest0

The grid after each round (bold: the cells that moved), and the table on the same six: Q(RR, —) = 8 after

round 1, Q(R, —) = 8 after round 2, Q(O, —) = 8 after round 3, the rest 0. The fit ties O; the table finds
the prize path.

Example: what the two greedy rules earn from O.

the fit: Q,,(0, <) = Q.(0,—) =4, acoin at the tie: 3 -0+ 1 -8 =4; the table: 8

the fit priced (L, <) at 4 through the shared cell: O cannot tell L from R
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Example: replace the six transitions by the coin’s true visit proportions. The layer
11

class, bottom-up; (s, a) = 1, 1, £ by layer.
(2,=): 230 —wasy) + (8 —wosy)| =0 = wo, =2 (2,): wye =0
a last step pays its reward: 0,0, 0, 8 right, 0 left
(L,"), (R,-): [y max(wae, way) — wye] =0 = 2atall four
every middle arrow lands on a bottom state reading max(0,2) = 2
(O, ) : %['ymax(Q,Q) — woa} =0 = woe =wo_ =2
2 at every arrow above the bottom: a tie at every choice
1+ =2 against V*(0)=38
Q*: (0,8) at O and R, (0,0) at L: the fit cannot tell L from R

greedy, a coin at each tie: 8

the dead-end class on pairs: (8, 8,8,0) = @* in three rounds
eight numbers tie, four find the prize: the class decides, not d

e ties: 2=2atQ,atL,atR
2}@3 2 2 the prize is found one time in four
2 0 2 0 2 0 2

The stop of the layer class under the coin’s weighting: right at the bottom, no preference above. The shared

0

bottom cell erased where the prize is.

* By computer, 200 runs of 2,000 episodes of the coin, a = 0.1, from 0: semi-gradient
Q-learning in the layer class ends at (2.0,2.0; 1.9,2.0; 2.0,2.0; 0,2.0) on average; the
table at Q*.

* On a tree the rounds walk back from the end and stop at the depth; on a chain with
loops they iterate, and need not settle: next.
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Where It Stops, and Why It May Not: the Deadly Triad

Derivation: one fitted backup, its fixed point, and convergence (Tsitsiklis and Van Roy,
1997), (Sutton and Barto, 2018, Sections 9.4 and 11.3). Use a linear class F = {Q,,} and
the true transition proportions. ||U]|? := 3", , u(s,a) U(s,a)? TIU is the least-squares fit
to a table U within this class.

Yi=ri+ 7y max Quy (s}, @), Elyi | si; ai] = (TQu,)(si, a:)
freeze the old Q); its mean target at each pair defines the optimality backup T Q.
i = H Tka

kaﬂ - a‘rgmin |IQ - Tka|
QeF
fit the mean target; frozen target noise adds a constant to the expected squared loss

ka+1 = ka — Qw = HTQw

the fit returns the same Q; also the zero mean update of semi-gradient Q-learning (stated)

|ITIU — 0’|, < U = U')| linear projection cannot enlarge distances
TV =TV, <~V —=V'|, for uthe weighting of 7 itself, 7 < 1 (stated)

on-policy prediction: combining the two bounds makes IIT™ contract; linear TD(0) converges

off-policy, by another weighting or by the max: no such line; II7 can stretch

fitting each round does not guarantee convergence across rounds: the examples below [

Example: two states by hand (Sutton and Barto, 2018, Section 11.2), (Tsitsiklis and
Van Roy, 1996). A: ¢ =1, B: ¢ = 2,s0V,, = (w,2w); A steps to B, B to B; reward 0;
~v = 0.9; the truth 0 is in the class.

(A,0,B): 6=0+7-2w—w=08w, w+w+i08w-1=14w
A pushes w away from 0: from 1, 1.4, 1.96, 2.74, 3.84

(B,0,B): d=7-2w—2w=—-0.2w, w4 w4+ 3(—0.2w)-2=08w
B pulls w toward 0; sampling weights decide the balance

follow the target chain, after reaching B: w <+ 08w = w —0
repeated updates at B shrink w

restart at A for every sample: w <+ 14w = w—o00 (wy>0)
replay only A: B never supplies a shrinking update

both states equally: E[§¢(5)] =1(08—-04)w=02w>0 (w>0)
A outweighs B once A is visited more than one time in three

batch, equal weights: w' = argmin[(w — 2ywi)* + (2w — 2yw;,)*] = Sy wy, = 1.08 wy

IIT stretches by 1.08 (iff v > %); under B alone, vywy,
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@ 0 j
x1.4 g
Y v )

-

the behavior’s restart

the weighting of 7: B only — shrinks

A one time in two — grows
v =0.9, =3, truth 0

Two states, one parameter: the same update, two weightings, two fates. The dashed restart is what a behavior

policy, or an iteration over all states, adds.

The deadly triad (Sutton and Barto, 2018, Section 11.3); Baird (1995); Boyan and Moore
(1995). Trouble needs all three: features (the step moves other pairs), bootstrapping (the fit

is in the target), and off-policy (the pairs updated arrive with another rule’s weighting,

not the target policy’s).

Method

‘ features bootstrap off-policy ‘ Settles?

TD(0), Q-learning on the table v/ v yes: the table, any b with coverage
(stated)

gradient Monte Carlo with v v yes: SGD on VE under the weighting

features given

semi-gradient TD(0), v v yes: wrp, the theorem (stated)

on-policy, linear

semi-gradient TD(0), v v v can run away: two states; Baird

off-policy (reading)

semi-gradient Q-learning, FQI v v v off-policy by the max; can run away
(stated); no theorem

Drop any one and the trouble goes. The max makes Q-learning off-policy by itself:

under the learner’s own e-greedy rule the pairs arrive at that rule’s rate and the target

prices the greedy one (rarely trouble in practice, stated).
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Reading (optional): Baird’s counterexample, by computer (Baird, 1995), (Sutton and
Barto, 2018, Section 11.2). Nothing below depends on this box. The two-state example
scaled up: seven states, a known model, the truth in the class, and the off-policy
weighting alone sends the fit away.

e N
(2w1+w8) (2w2+'w8) (2w3+ws) (2w4+'w8) (2w5+w8) (2w6+’w8)
>

solid: to the lower state

dashed: to one of the six upper states, w.p. % each

every state has both actions; rewards 0; v = 0.99

the target policy 7: solid always
the behavior b: dashed w.p. g, solid w.p. %

under b the next state is uniform over the seven

Baird'’s counterexample: seven states, two actions, eight parameters; the expression in a state is Vy,(s).

Under m every move lands on the lower state.

The setting. V™ = 0 everywhere; w = 0 is in the class, and the eight feature vectors are
linearly independent: a favorable case. Start wy, = (1,1,1,1,1,1,10, 1), so V,,, = 3 at the
upper states and 12 at the lower; o = 0.01. Three learners:

= 7T(At | St)
YOb(A] Sy
the ratio corrects action choices; states still arrive uniformly under b
(i) w w423, (YWV(lower) — V,(s)) Vi Vi(s)
compare with (i): its exact mean update, the same state weights, no sampling noise
(iil) w + w + a(yV,,(lower) — V,,(lower))V,,V,, (lower)

compare with (ii): change only state weights, to those of 7 (the lower state alone)

1) w < w+ap 6 ViVu(S), = 7 (solid), 0 (dashed)

Vi (lower state) after step ‘ 0 100 300 500 1,000
(i) semi-gradient TD(0) on the stream of b, with the ratio 12 36.2 73.9 133.6 516.0
(ii) the expected step, all seven states equally 12 29.2 79.9 163.1 676.9

(iii) the expected step under the weighting of 7 (the lower state) | 12 11.4 10.3 9.3 7.3

Truth 0. Seed 639 for the stream. The two off-policy learners grow without bound; the on-policy one
shrinks the lower state’s value to 0 (0.08 by step 10,000).
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1,000 4 (i) the stream of b
(ii) all states equally
K
A wsg 8
2]
2100
S
200 =
v
2
- & 10
1 to we <
100 -~ (iii) the weighting of
0 500 “Tooo 0 500 1000
steps steps
The eight parameters under (i), the stream of b (the The lower state’s value under the three learners.
band: the smallest and the largest of w1, . . ., we). Nothing is random in the red curve; the

weighting alone does it.
* Nothing is random or hidden in (ii): the model is known, the truth is in the class,

and the iteration still runs away.

* Under the weighting of 7 the step lands where p looks: the lower state goes to 0; the
six upper states, never visited, end at —1.8, invisible to ..

* The mean step is linear, —Aw with A = Y~ _1(s) ¢(s) (é(s) — v ¢(lower))T; under the
uniform weighting the symmetric part of A has a negative eigenvalue, —1.02: a
direction it stretches (stated).

The Map

approximate the value approximate the policy approximate the model
Viw, Qu: semi-gradient TD(0), mp: policy gradient, P, #: certainty equivalence;
Q-learning, FQI; DON actor-critic (a critic is V) planning and search in it
fit: a backup or a return fit: the objective J(mg) directly fit: the transitions
stop: a projected fixed point stop: a stationary point stop: the record’s own model

The map: three things a learner with d parameters can approximate. Today’s methods sit in the left box, with
DQN, the same methods with a network, named beside them; the other two boxes are named by what they are.

11 Last updated: October 20, 2026



Introduction to Reinforcement Learning Tengyang Xie

Summary

Function approximation for control, on one board

o = Rip1 + imEns Qu(St+1,a) — Qu (S, Ar), w4 w+ ad VyQu
semi-gradient Q-learning; two episodes: a left turn at L priced 2 by the prize behind RR
Yi =T+ 77 max Quy (57, @), Wiy = argmin Y- (Qu(si, a:) — vi)?
FQI: three rounds on six transitions, thelj‘it ties O; one-hot: value iteration in the record’s model

stop: Q, =I1TQ,; eightnumbers: 2 at every choice, ties; four numbers: Q*
the class decides, not d

triad: features, bootstrapping, off-policy; two states w — 1.4w; Baird 12 — 677

IT never stretches; T™ shrinks under its own weighting, else II'T may stretch; Baird in the reading box
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