Mathematical Principles of Reinforcement Learning Tengyang Xie

Lecture 11: Strategic Exploration

This lecture studies the exploration problem in the finite-horizon episodic setting. The agent
interacts with an unknown MDP over K episodes, adaptively choosing policies, and the
goal is to minimize regret. The central principle is optimism in the face of uncertainty (OFU).
We cover three algorithms: UCBVT for tabular MDPs (pointwise optimism via count-based
bonuses), Lin-UCBVI for linear MDPs (ellipsoidal bonuses), and Gotr for general function
classes (global optimism via confidence sets).

Setup. We work with a finite-horizon episodic MDP M = (S, A, H, { Py }:= b {rn 12 s0),
where S is a finite state space with |S| = S, A is a finite action space with |A| = A, H
is the horizon, P} (- | s, a) is the (stage-dependent) transition kernel, r,(s,a) € [0,1] is a
deterministic reward, and s is a fixed initial state. A policy is 7 = {7}, : S — A},"}. Value
functions are defined stage-by-stage:

H-1

Z Tt(staat)

t=

Vi(s) = E sh=s,m P, QR(s.0) = ra(s,0) + Eumpp o Vi ()

We write V¥ = max, V;7 and @)} = max, @} for the optimal value functions, and set V}; = 0.

Finite-horizon Bellman optimality equations:
Qr(s,a) = 14(s,a) + PyVy5 (s, a), Vii(s) = max Q5 (s, a), Vi =0,
where we use the shorthand (P} f)(s, a) = Egps(js0)[f(s')] for any function f : S — R.

Since rewards lie in [0, 1], we have 0 < V;"(s) < H — h for all (h, s, ). For any policy =, the
stage-h occupancy measure is dj (s, a) == Pr(s, = s,a, = a | so, m, P*).

The Online Exploration Problem

The Episodic Protocol and Regret

A learning algorithm interacts with the MDP over K episodes. In each episode k =
0,1,...,K —1:

1. The algorithm selects a policy 7" = {7} };/_' based on all data collected in episodes
0,....k—1.

2. The algorithm executes 7% for one episode: starting from 5’5 = s, it takes action

1 Last updated: April 6, 2026



Mathematical Principles of Reinforcement Learning Tengyang Xie

ay = wy(s)), observes reward r(sf, af), and transitions to s}, ~ Pi(- | s, a}), for

h=0,...,H—1.
3. The algorithm records the trajectory (sk, ak, st a¥, ... sk |, af |, sh).
The performance measure is the cumulative regret:

Definition 1 (Regret). The (cumulative) regret over K episodes is

K-1
RK = Z Vb 30 (SQ)].
k=0
Regret:
K-1
Ri =) [Vi(s0) = V5" (s0)]-

?

0

An algorithm achieves sublinear regret if Ry = o(K), meaning the average per-episode
suboptimality Rx /K — 0.

Regret vs. PAC guarantees. If R < f(K) for some sublinear function f, then by an
averaging argument, min.. & [V (so) — V¥ (s0)] < f(K)/K. So a regret bound of O(WK)
implies that after KX = O(1/&2) episodes, at least one policy 7" is e-optimal. This is
an online-to-batch conversion that connects regret bounds to sample complexity (PAC)
guarantees. Note the contrast with the generative model setting studied in earlier
lectures: there, the agent could query any (s, a) pair at will, whereas here data collection
is sequential and the agent cannot directly choose which states to visit.

Why Exploration Must Be Strategic

A natural baseline is to explore uniformly at random and then exploit. The following
example shows this can be catastrophically inefficient.

The chain MDP. Consider the MDP depicted below with H states sy, s1, . .., sy_1 arranged
in a chain, with A actions at each state. At each state s;, (h =0,..., H — 2), exactly one
“correct” action a; transitions to s;, 1, while all other A — 1 actions lead back to sy. The
reward is ry_1(sy—_1,a1) = 1 and zero everywhere else.
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Lemma 1 (Random exploration is exponentially slow). A uniformly random policy collects
nonzero reward with probability (1/A)H. To achieve Q2(1) total reward, it needs QU A™) episodes in
expectation.

Proof. Under a uniformly random policy, at each step h the correct action is chosen with
probability 1/A. The agent must choose correctly at all H steps: H — 1 correct actions
to traverse from s to sy_;, plus one correct action at sy_; to collect the reward. The
probability of success in a single episode is (1/A4)#, so the expected number of episodes
needed is A7, [

The need for strategic exploration. The chain MDP shows that uniform exploration
can require exponentially many episodes. In contrast, a strategic agent can solve this
MDP in O(H) episodes: in the first episode, it discovers that action a, at s leads to s;;
in the second, it can plan to visit s; and discover that a, at s; leads to sy; and so on.
The key insight is that the agent must plan to reach informative states, not just hope to
stumble upon them. The optimism in the face of uncertainty (OFU) principle achieves this:
by assuming the best case for unknown transitions, the optimistic agent is naturally
drawn to explore under-visited states.

The Optimism Principle: Warm-up via Multi-Armed Bandits

Before tackling MDPs, let us review the optimism principle in the simplest possible setting:
the K-armed bandit problem. There are K arms; pulling arm «a yields a stochastic reward

r € [0,1] with mean pu,. Over T rounds, the learner selects arms ag,ay,...,ar—; and
observes rewards. The regret is Ry = T'ji, — tT:_Ol la,, Where [, = max, fiq.

The Upper Confidence Bound (UCB) algorithm (Auer et al., 2002) selects the arm maximizing
the empirical mean plus an exploration bonus:

B . 2In(2TK/¢)
a; = argmax [,ut(a) + TN

a€[K]

Y

where [i;(a) is the empirical mean of arm a from the first V;(a) pulls, and the square root
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term is the exploration bonus (or confidence radius).

Theorem 2 (UCB regret (Auer et al., 2002), stated without proof). With probability at least
1 — 6, the UCB algorithm achieves

Ry < 2K +8/KTIn(2TK/§) = O(VKT).

Three ingredients of the UCB analysis. The UCB proof relies on three components that
will generalize to MDPs:
1. Concentration: By Hoeffding’s inequality, |fi;(a) — u.| < /2In(2T'K/5)/Ny(a)
simultaneously for all (¢, a) with high probability. This ensures the bonus maintains
a valid upper confidence bound.

2. Optimism: Since the bonus covers the estimation error, we have i;(a) +bonus,(a) >
o for all arms. In particular, UCB;(a*) > 1, so the chosen arm’s UCB is at least as
large as /.

3. Shrinking bonuses + counting: The per-round regret is at most 2 - bonus;(a;)
1/y/N(a;). Thesum 7, 1/1/N;(a;) < 2v/KT by a counting argument (37, 1/1/i <
2y/n and Cauchy-Schwarz).

The challenge in extending to MDPs: the “arm” is a policy (a sequence of decisions), the
“reward” depends on the entire trajectory, and the agent cannot directly choose which
states to visit—it must plan to reach them.

UCBVI: UCB Value Iteration

We now present the UCBVI algorithm for the tabular episodic setting, following Azar et al.
(2017) and Agarwal et al. (2021).

Algorithm Description

Counts and empirical model. For eachstageh € {0,...,H —1}and (s,a) € S x A, define
the pre-episode-k visitation counts:

k—1 E—1
Nllf(sa CL) = Z 1{(527 a;z) = (Sa a)}? Ni]f(57 a, Sl) = Z 1{(327 azv Séz—&-l) = (S’ a, Sl)}'
i=0 i=0
The empirical transition model is

any distribution on S if Nf(s,a) = 0.
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Algorithm 1 UCBVI (episodic, tabular) (Azar et al., 2017)
Require: Failure probability § € (0, 1), horizon H, episodes K
1: Initialize N)(s,a) + 0 and N} (s,a,s’) < 0 for all i, s, a, s’

2: fork=0,1,..., K —1do

3: Form ﬁ,f (| s,a) from counts > empirical model

4: Set bonuses b} (s, a) by (1) > exploration bonus

5: Compute (‘A/h’“, @Z, ™) by (2) > optimistic backward induction

6:  Execute 7*: set s§ = so; for h =0,..., H — 1, take af = 7f'(s}), sample sf,, ~ P;(- |
Shy @)

7. Update counts: N;*!(-) < NF(-) then increment the visited (s}, af, st )

8: end for

When Nf(s,a) = 0, the model is arbitrary; the exploration bonus defined next ensures that
such state-action pairs are treated as highly uncertain.

Exploration bonus. Fix a failure probability 6 € (0,1) and define the log factor L =
In(2SAHK/6). For each episode k, stage h, and (s, a), define

. L
bi(s,a) = mm{H—h, 2H”W}. (1)

The bonus is large when (s, a) has been visited few times and decays as 1/+/NF(s, a) as
more data are collected. The clipping by H/ — h matches the maximum possible remaining
return from stage h.

Optimistic planning. Given the empirical model { P¥} and bonuses {b*}, UCBVI performs
a backward dynamic program. Initialize 17[’}() =0and forh=H —1,...,0 compute

Qh(s,a) =ru(s,a) + f(s,a) + PV (s,0),  Vif(s) == min {H — h, maxQf(s, a>} .
e)

The greedy policy is 7 (s) = argmax, 4 @Z(s, a).

Optimistic Bellman equation:

Qk(s,a) = ra(s,a) +  bi(s,a) +  PEVE(s,0a)
N——

exploration bonus  empirical Bellman backup
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Interpretation. UCBVI combines three ideas: (1) certainty equivalence (use empirical
transitions ]%’j in place of P}), (2) exploration bonuses (inflate Q-values for under-visited
state-actions), and (3) online adaptation (update the model after each episode). The bonus
ensures that the agent is “optimistic”—it overestimates the value of under-explored
state-action pairs, and is thus naturally drawn to explore them. Unlike the generative
model setting, there is no simulator; the agent must sequentially visit states.

Main Result
Theorem 3 (UCBVIregret bound, simple analysis). Run UCBVI (Algorithm 1) with bonuses (1).
Forany 6 € (0,1), letting L = In(2SAHK/$),

Ric < O(H*SVAK L) +0KH.

In particular, setting 6 = 1/(K H) yields

Rg = 6(H25\/E) )

UCBVI regret (simple analysis):
Ric = O(H*SVAK).

Interpretation and comparison.

* The regret is sublinear in K: the average per-episode suboptimality is
O(H25\/A/K) — 0.

e The trivial bound is Rx < K H (since each episode contributes at most H regret).
Theorem 3 becomes nontrivial once K =~ H*S?A (up to logs).

e Compared to random exploration, which needs Q(A#) episodes for the chain MDP,
UCBVI needs only O(H*S2A/?) episodes for an e-optimal average policy.

¢ The minimax lower bound is Q(H%?V/SAK). The simple analysis pays an extra
V'S factor; the refined Bernstein analysis (Section ) achieves O(H2v/SAK ), which is
near-optimal up to a v/H factor.

Analysis of UCBVI

Proof Overview

The proof of Theorem 3 has four main components:
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1. Concentration (Lemmas 4 and 5): The empirical model ]3/5 is close to the true model
Py with high probability, uniformly over all (k, h, s, a).

2. Optimism (Lemma 6): The optimistic value function upper-bounds the true optimal
value: V¥ (s) > V*(s) for all (k, h, s).

3. One-episode decomposition (Lemma 7): The per-episode regret telescopes into a
sum of bonuses and model errors along the trajectory.

4. Counting lemma (Lemma 8): The total exploration cost Y, , 1/v/Nf(sf, af) + 1 is
bounded by O(H vV SAK).

The canonical four-step template. This four-step proof structure—concentration,
optimism, decomposition, counting—is the canonical template for regret analyses of
optimistic exploration algorithms. The same structure applies to virtually all UCB-style
algorithms in RL, including the linear MDP case we study later. The key insight is that
optimism converts the exploration problem into a “pay for the bonus” problem: the
agent’s regret is bounded by what it “spends” on exploration bonuses, and the bonuses
shrink as data accumulates.

Step 1: Concentration

We first establish that the empirical transition model concentrates around the true model,
uniformly over all episodes.

Lemma 4 (Uniform ¢, transition concentration). Fix § € (0,1) and let L = In(2SAHK/9).
With probability at least 1 — § /2, simultaneously for all h € [H], all (s,a) € S x A, and all episodes

k with NF(s,a) > 1,
~ SL
k *
|Pr(- | s,a) — PE(- | s,a)||, < 2, /—N,{j(s,a)'

Consequently, for any (possibly data-dependent) function f : S — [0, H],

. o [ sL
‘(P’f_Ph)Tf(Saa)‘ < HHPIQC_PhHl < 2H N}?(S’a)'

Proof. Fix (h, s, a) and consider the empirical distribution after exactly n i.i.d. samples from
Pr(-| s,a); denote it by ]3;17”(- | s,a). By a standard bound on the ¢; distance between an
empirical distribution and the true distribution over a support of size S (using Hoeffding’s
inequality applied to each next-state indicator followed by a union bound), with probability
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atleast1 — ¢/,

[Prn(- | 5,0) = Pi(- | s,a)||, < 2 Sn(1/¢7)

n

Choose ¢’ = §/(2SAHK) and take a union bound over all (h,s,a) € [H] x S x A and
all sample sizes n € {1,..., K}. This gives a bound that holds simultaneously for every
fixed n. Now, although the online count N} (s, a) is random (it depends on the trajectory
history), it always takes a value in {0, 1, ..., K'}. When N} (s,a) = n, the online empirical
distribution ]3,’;7( | 5,a) is computed from the same n i.i.d. samples, so ﬁ/f = ]3h7n. Since the
bound already covers every n € {1,..., K}, it holds for the random count N} (s, a) as well,
simultaneously for all episodes k.

The final display follows from Holder’s inequality: |(ﬁ -P)'f < ||16 —Plli - | flle <
H||P - P]s. 0

We also need a sharper bound for the deterministic optimal value function V", ; (to prove
optimism without paying a v/S factor at this step).

Lemma 5 (Model error against V*). Fix § € (0,1) and let L = In(2SAH K /§). With probability
at least 1 — §/2, simultaneously for all h € [H], all (s, a), and all episodes k with N} (s,a) > 1,

~ L
k *\ T §/7*
’(ph_Ph) Vh+1(S,CL)| < H N}IS(S,CL).
Proof. Fix (h,s,a) and consider nii.d. samples s/, ... s, ~ P;(- | s,a). LetY; := V¥, (s}) €

0, H], so E[Y;] = (P})"V;%.1 (s, a). By Hoeffding’s inequality,

2 2
Pr< Zs) < Qexp(— Zi)

Setting ¢ = Hy/L/n makes the right-hand side at most §/(2SAHK) (using L > In2). A
union bound over all (h, s,a) € [H] xS x Aand alln € {1,..., K} gives a bound for every
fixed sample size. Since Nf(s,a) € {1,..., K} and the online samples coincide with the

1 n
E;m—lﬁm

first NJ(s,a) i.i.d. draws (as in the proof of Lemma 4), the bound holds for the random
count as well. O

Let Enoaa denote the intersection of the events in Lemmas 4 and 5. Then Pr(Eyoqe1) > 1 — 0.
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The source of the extra v/S. Lemma 4 bounds the model error against any bounded
function f by O(H+/SL/N), paying a v/S factor through the ¢, bound. Lemma 5 avoids
this /S for the specific function V¥, ,, but we cannot use Lemma 5 for the algorithm’s
own (random) value function V* ;. This is why the simple analysis incurs an extra /S: it
uses the /; bound to handle the model error against thH. The refined Bernstein analysis
(Section ) avoids this by using variance-dependent bounds.

Step 2: Optimism

Lemma 6 (Optimism). On the event Eyoae1, for every episode k, every stage h, and every state s:

~

Vii(s) = Vii(s).

In particular, IA/Ok(sO) > Vi (so) for all k.

Proof. We prove by backward induction on h.

Base case: Ath = H, Vi =0=V}.

Inductive step: Assume XA/h’Zrl(s) > Vi1 (s) for all s. Fix a state s at stage h.
If VF(s) = H — h, then V¥ (s) > V;*(s) holds since V;*(s) < H — h.

Otherwise, Vi¥(s) = max, Q¥(s,a). Let a € A be arbitrary. Using Lemma 5 and the
induction hypothesis:

QZ(& CL) = Th(sv a) + (P;;)TV,:_H(S, a)

—~ N L
<rp(s,a)+ (P,’f)TVhH(s, a)+ H NF(s.a)
< ru(s,a) + (PYTVE (s.0) + H | —L
= Th\9, h h+1\°> N/f(S, (I)
< ru(s,a) + (BF)TVE (s,a) + 0 (s,a) = Qf(s,a),

where the second line uses Lemma 5 on the event £,,.40, the third line uses ‘A/h"jrl > Vi
(induction) and the fact that ]3,’f is a probability distribution (so applying it to a pointwise
larger function gives a larger result), and the fourth line uses b} (s,a) > H+\/L/NF(s,a)
from the bonus definition (1) (since N¥(s,a) + 1 < 2Nf(s,a) when Nf(s,a) > 1; when
NF(s,a) = 0, the bonus bf(s,a) = H — h > Q}(s,a) — ri(s, a) suffices directly).

Taking max, over both sides gives V;*(s) = max, Q% (s, a) < max, Q% (s, a) = Vi¥(s). O
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Structure of the optimism proof. The backward induction structure of the optimism
proof mirrors the backward induction of the algorithm itself. This is not a coincidence—it
is the key structural feature that makes value-function-based exploration tractable. The
proof requires two ingredients: (i) the bonus is large enough to cover the model error
against V;*, ;, and (ii) Pk applied to a pointwise larger function gives a larger result (since
PF is a valid probability distribution). Together, these ensure that adding the bonus to
the empirical Bellman backup yields an upper bound on Q.

Step 3: One-Episode Regret Decomposition

Lemma 7 (One-episode decomposition). For any episode k, the policy w* returned by UCBVI
satisfies

T

-1
Vi(s0) = Vi (s0) < DBy o ger | Bhlsnoan) + [(BE = BTVl (s an)]]
0

>
Il

Proof. Fix episode k and abbreviate 7 = 7*, V, = Vh"‘, P, = ]3/;‘, by, = bf. Define the gap
Ap(s) = Vi(s) — V7 (s), with Ay = 0.

For any state s at stage h, since my,(s) € argmax, @h(s, a) and XA/h(s) = min{ H—h, max, @h(S, a)} <
Qn(s, m(s)), we have

~

Vh(S) < Th<S, 7Th(8)) + bh(S, 7Th<8)) + ﬁ};r‘/}h+1(5,ﬂ'h(8)>.
On the other hand, V;7(s) = r4(s, m(s)) + (Py) TVim 1 (s, h(s)).
Subtracting;:
An(s) < buls,mn(s) + (Po = P) Viga (5, m(5)) + (P) T A (5,7 (5))-

Taking expectations under the trajectory distribution induced by 7 in the true MDP and
unrolling (using the tower property) from h = 0 to H — 1, with Ay = 0, yields the stated
bound for Ay (sg) = Vo(so) — Vi (so). O

Combining with optimism (V{(sq) < IA/Ok(sO) from Lemma 6):

One-episode regret decomposition: On &,,04e1,

T

-1
Vi(so) = Vi (so) < Y E
0

nanyeig [t (5m0a0) + (B = PO T )]

>
Il
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Regret is controlled by bonuses along the trajectory. The decomposition shows
that the per-episode regret is at most the sum of exploration bonuses and model
errors encountered along the trajectory induced by 7*. On the event &40, the model
error |(Pf — P;)TVF, | can be bounded via Lemma 4 by O(H+/SL/NF), which has
the same scaling as the bonus. The key remaining question is: how large is the sum
Son Do bi(sh, af) across all episodes?

Step 4: The Counting Lemma

Lemma 8 (Counting / potential bound (Agarwal et al., 2021, Lemma 6.6)). For any sequence

of K trajectories {(sk,a¥)} "}, we have

K-

>—‘
>_A

Z - < 2HVSAK.
=0 heo \/N sh,ah)+1

Proof. Fix a stage h and a state—action pair (s, a). Let n := N (s, a) be the total number of
visits to (s, a) at stage h over all K episodes. Each time (s, a) is visited, the denominator takes
values v/1,v?2,...,/n (since N, I is the count before episode k, the relevant denominator

values are O+ 1,v/1+1,...,4/(n — 1) + 1). Therefore:

1
< 2y =2,/ NE(s,a).
Zsa\/N}’fsa ;\/5 v (%)

k: (Sh ah

Summing over all (s,a) € S x A and applying Cauchy-Schwarz:

Z%/Nf(s,a) < 2\/SAZNK s,a) = 2V SA- K,

where we used ), , N (s, a) = K (each episode visits exactly one (s, a) at stage h).

Finally, summing over h =0, ..., H — 1 gives 2HV SAK. ]

Counting lemma:

0
T

1
e < 2HVSAK.
0 \/Nh(shvah) +1

e
Il

0

>
Il
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The paying-for-exploration principle. The counting lemma quantifies the total “ex-
ploration cost.” Early on, bonuses are large (when N is small), but as the agent
accumulates data, the bonuses shrink. The total cost is controlled by the harmonic-like
sum >°" | 1/4/i < 2y/n. The Cauchy-Schwarz step produces the v/SA factor: spreading
K visits across SA state-action pairs costs v/SA via Jensen’s inequality (the sum > \/n;
is maximized when all n; are equal).

Completing the Proof of Theorem 3
Proof of Theorem 3. Fix § € (0,1) and let £,,0401 be as above, with Pr(Eyoaa) > 1 — 0.

Step 1: Reduce regret to the optimistic gap. On &,04e1, Optimism (Lemma 6) implies

Vi (s0) — Vi (50) < Vi(s0) = Vi (s0)-

Step 2: Decompose and bound the model error. By Lemma 7:

H-1
Vi (s0) = Vg (s0) < ZEde [bi(smah) +|(Py — PJ)TthH(Sh’ah)H :
h=0

Since ||1A/h’“+1||Oo < H, Lemma 4 gives (for NJ(sp,as) > 1)

~ ~ SL SL
Py — PV < 2H(|—+—— < 2V2H
’< " h) hH(Sh?ah)} B N}?(Sh,ah) N \/_ N}If(sh;ah) + 1’
where we used N + 1 < 2N for N > 1. When Nf(sp, as) = 0, we trivially have |(PF —
P;)TVE,| < H, which is also bounded by 2v/2 H\/SL/(0 + 1) since H < 2v/2 HV/SL
(using S > 1and L > In2).

Similarly, the bonus satisfies bf (s, an) < 2H+\/L/ (N (sp, an) + 1) < 2H+/SL/(NF(sp, apn) + 1).
Step 3: Sum over episodes. Combining, on & odei:

H-1

1
= VN (shap) + 1

Vi (so) = Vi (s0) < (24 2V2) HVSL-E

H< k] .
Summing over k and taking total expectation, then applying the counting lemma (Lemma 8):

E ]1{5m0del}1§(%*(so) —voﬂ’“(so))] < (242V2) HVSL-2HVSAK = O(HQS\/AK-L>.
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Step 4: Handle the failure event. On & model (probability < 9), use the trivial bound
0 < Vit (s0) = Vg~ (s0) < H:

K-1
E|1{Emoaa} Y (Vi(s0) — Vi (s0))| < 0 KH.
k=0

Combining gives Ry < O(H?*SVAK - L)+ 0KH. O

Refined Analysis via Bernstein Bonuses

This section follows Agarwal et al. (2021, Section 6.5, especially Lemmas 6.8-6.11 and
Theorem 6.7).

Motivation: Removing the Extra v/S

The simple analysis bounds the model error |(PF — P¥)TV/¥,,| using the crude ¢, bound
Hﬁ — P*|; - H‘A/||oo, which introduces a v/S factor. However, if the variance of XA/h’“H(s’ ) under
P} (- | s,a) is small, the model error can be much smaller than the worst-case ¢; bound
suggests. Bernstein’s inequality (from Lecture 5) gives tighter bounds that depend on
variance rather than range.

Bernstein-Style Transition Bound

The refined argument begins with a pointwise empirical Bernstein bound for each next-state
probability. This is the step that replaces the crude ¢; control from the simple analysis.

Lemma 9 (Pointwise empirical Bernstein bound). Fix 6 € (0,1) and let L = In(2S?AHK/).
With probability at least 1 — 6, simultaneously for all h € {0,...,H — 1}, all (s,a) € S x A, all
s' € S, and all episodes k € {0,..., K — 1},

R P*(S/ | s CL)L 4L
Pk) / — pr / < 2 h 7 ’
(5" ] s,a) — P(s' | s,a) < NF(s,a) + 1 NFf(s,a)+1

Let Epern denote the event in Lemma 9. On this event, we obtain the following self-bounding
inequality:

Lemma 10 (Self-bounding transition error). On the event Eyern, for all h, k, s, a and all functions
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f:8 =100 H,

(P =P f)(s,a) <

for a universal constant ¢ > 0.

The crucial feature is that the leading term (P;)" f/H is self-bounding: it depends on the
expected value of f under the true transition, not on the worst-case range. This is the key
mechanism that removes the extra /S from the leading regret term.

Improved Regret Bound

Using Lemma 10, one can establish a recursive control of the optimistic gap Af(s) =
ViE(s) = Vir(s) > 0:

Lemma 11 (Gap recursion). Assume Eyogel holds (so vk > V* by Lemma 6) and Lemma 10
holds. Then for each episode k, stage h, and state s, letting a = 75 (s):

1 /
AF(s) < 205(s,a) +cf(s,a) + (1 + —) Eynpr(sa) (A} (sN)]

H
Consequently,
H-1 1 T—h
AZ(S) < K Zh (1 + E) (26£<577 a'r) + C§(8T7 aT)) Sh = Svﬂ—k
H-1 7
< e-E (2blj(37, ar) + (s, aT)) sp=s, 7"
T=h |

The recursion yields the following one-episode bound, which is the refined analogue of
Lemma 7.

Lemma 12 (Per-episode refined bound). Assume E,04e1 and Lemmas 10-11 hold. Then for
every episode k,

H-1

‘/0*(30) — ‘/Oﬂ-k (50) < e Z E(sh,ah)wd;;k [2[)’2(8}1, ah) + C]Z(Sh, G,h):| .
h=0

This leads to:

Theorem 13 (UCBVI regret bound, refined analysis). Run UCBVI (Algorithm 1) with
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bonuses (1). There exists a universal constant C' > 0 such that for any 6 € (0,1), letting
L =1n(25?AHK/Y),

Ric < C(H*VSAK L+ H*S*A- L-In(1+K)) +3KH.
In particular, setting § = 1/(K H) yields R = O(H2v/SAK + H3S2A).
UCBVI regret (refined analysis):
Ry = O(H*VSAK),

where the leading term is O(H%v/SAK ) and the lower-order term O(H?S2A) is negligible
for K > H*S3A.

Proof sketch. Let £ = Exodel N Epern- Then Pr(€) > 1 — ¢ after the standard /2 split between
the two concentration events. The proof follows the same four-step template as the simple
analysis. The key differences are:

(i) Variance-dependent model error. Instead of bounding the model error via ¢;, Lemma 10
bounds the one-sided error (PF — P?)T f by (P¥)T f/H + ck. The first term is self-bounding
and is absorbed into the recursion of Lemma 11, producing the (1 + 1/H) factor; unrolling
gives at most an e loss.

(ii) Per-episode regret bound. On £, Lemma 12 gives

H-1

Vi (so) — ) < e Z E,. an)dr® k [20F (sn, an) + i (sn, an)] -
h=0

(iii) Summation. Summing over episodes and using total expectation,

E 1{5}2_(%*(50) Az (30))] < eE Z Z (265 (sy, ar) + ci(s), ap))

Using b¥(s,a) < 2H+\/L/(N}(s,a) + 1) and the counting lemma (Lemma 8) gives

ZQb’f sk oak) < 4H\/_Z AR . < 8H*VSAK - L.

(s af)+1
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The lower-order term satisfies

Zc’fl(si,ai) = O(H*S?A-L-In(1+ K))

k.h

by summing the harmonic series over visits to each (h,s,a). On &, the trivial bound
0 < Vi (so) — Vi (s0) < H contributes at most 6K H. O

Near-minimax-optimal. The improved bound O(H?\/SAK ) matches the minimax lower
bound Q(H?/?v/SAK) up to an v'H factor. Closing this gap requires more sophisticated
algorithms and analyses; see the bibliographic notes in Agarwal et al. (2021). The
Bernstein analysis pattern—using variance-dependent concentration to save factors—is
a recurring theme in RL theory:.

Linear MDP and Lin-UCBVI

We now extend the UCBVI framework to MDDPs with linear structure, where the state and
action spaces may be large (or even infinite), but the transition dynamics are linearly
parameterized by a known feature map. The algorithm originates in Jin et al. (2020); the
presentation and analysis here follow Agarwal et al. (2021, Section 7.4-7.5).

The Linear Transition Model

Definition 2 (Linear transition model). An episodic MDP M = (S, A, H,{P}},{rs}) satisfies
the linear transition model with feature map ¢ : S x A — R? if there exist unknown signed
measures ;- = (i, ... i) over S such that for all (s, a, h),

By (- ['s,a) = (o(s,a), (),

and the right-hand side is a valid probability distribution on S. We assume ||¢(s, a)||2 < 1 for all
(s,a), and

() " fll2 < V| flloo

forall f:S — Randall h.

Linear transition model: The one-step transition kernel is linear in the features:

B (- ['s,a) = (o(s, a), u (),
1(63) " fll2 < V| flloos  7a(s,a) € [0,1].
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Lemma 14 (Linearization of P} f). Under the linear transition model, for any function f : S — R,

(Prf)(s,a) = (d(s,a), wh;),  wherew}, ;= (uy)" f € R

Moreover, if || f|loo < H, then ||w}*L7f||2 < Hd.

Key properties of the linear transition model.

® One-step linearization: For any bounded function f (not just linear ones), the
one-step conditional expectation (P} f)(s, @) remains linear in ¢(s, a). This is the
key completeness property behind Lin-UCBVI: even though the value functions
produced by max and clipping are nonlinear, the transition term fed into regression
is still linear in the features.

o Tabular as special case: Setting ¢(s,a) = e € R5* (the one-hot encoding)
recovers the tabular setting with d = SA. In this case, 1} (s') = P;(s' | -, -) and the
feature dimension equals the number of state-action pairs.

* Dimension replaces cardinality: The regret of Lin-UCBVI will scale with the
feature dimension d, not with |S| or | A|. When d < S4, this gives a substantial
improvement.

Algorithm: Lin-UCBVI

Ridge regression for the model. At episode k, for each stage h, we estimate the linear
coefficient wj, ; for a given target function f via ridge regression. Define the regularized

design matrix
k-1

Ay o= M+ d(shap) o(shap)T, A= 1L

=0

Given a target function f : S — R (in our case, f = XA/th), the ridge regression estimate is

Ea
—

@y o= (MDY d(sh, ai) f(Shan),

i

Il
o

so that the estimated Bellman backup is (PFf)(s,a) = (¢(s, a), W f)-

Ellipsoidal exploration bonus. The exploration bonus is
bi(s, CL) = /6 ) ||¢(37 a)H(AfL)*l? (3)

where ||| 5y = V2T Mz is the Mahalanobis norm and 5 = O(dH) is a confidence parameter
set below.
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Algorithm 2 Lin-UCBVI (episodic, linear MDP) (Jin et al., 2020)

Require: Failure probability , regularization A > 1, confidence parameter 5 > 0
1: Initialize A + I for all h
2. fork=0,1,...,K —1do
3: Set VE(-) =0

4 forhn=H—-1,H—-2,...,0do > backward induction
o~ _ k—1 i i =5 i L ; .

5: w:,f/,fﬂ — (AR)1Y00 o(sh ah) ViE (shi) > ridge regression

6: Qi(sv CL) A max{(), mln{H - h7 Th(sv a) + <@Z‘7ii€+1’ ¢(Sv CL)> + 6||¢(87 a)H(Aﬁ)—l}}

for all (s, a)

o~

7: VE(s) + max, @Z(s, a), mh(s) < argmax, Qk(s,a)
8: end for
9:  Execute 7*: set st = so; for h =0,..., H — 1, take af, = 7}(s}), sample s} ., ~ P;(- |
Sh )
10:  Update: Af*! « AF + ¢(sk, af) ¢(sk, af)T for all h
11: end for

Optimistic planning. Initialize VE()=0.Forh=H —1,...,0, compute

Qh(s,a) = clivyy r_y(ras,0) + (PEV) (5, ) + (5, ))

Vi(s) = max Qf(s,a).

(4)

Here (PFVE ) (s, a) = (6(s,0), @F 5, ).

h+1

Optimization assumption. We assume the maximization over a € A is tractable (e.g., A is
finite or we have access to an optimization oracle).

Lin-UCBVI optimistic Q-function:

Qn(s,a) = clipg gy [ 7a(s,0) +  (BrViE1)(s,0) + 8- l¢(s, @)l ary-
= < _

TV
ridge regression estimate ellipsoidal bonus
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From count-based to ellipsoidal bonuses. The Mahalanobis norm ||¢(s, a)||, AFy-1 is
the natural generalization of the count-based bonus 1/1/Nf(s,a) from the tabular
case. To see this, consider the tabular setting with ¢(s,a) = e € R5Y Then
AF = \I + diag(NF (s, a)), which is diagonal, and

B 1 - 1

B VA + Nf(s,a) - V/NF(s,a)

16, @)l ax)-1

for A = 1 and Nf(s,a) > 1. The ellipsoidal bonus is large in directions of feature space
that have not been well-explored, measured by the inverse design matrix (Af) ™.

Regret Guarantee

Theorem 15 (Lin-UCBVI regret). Assume the linear transition model (Definition 2) and bounded
rewards rp,(s,a) € [0,1]. Run Lin-UCBVI (Algorithm 2) with reqularization A\ > 1 and bonus
bi(s,a) = B ¢(s, a)l(ax)y-1. Fix 6 € (0, 1), and suppose (3 is chosen so that the uniform confidence
event in Proposition 16 holds with probability at least 1 — §. Then the expected regret satisfies

K
Rr < cBH\/Kdlog<1+X) +o0KH

for a universal constant ¢ > 0. In particular, taking 5 = O(Hd) yields

Ry — 5<H2\/d3_K> .

Lin-UCBVI regret:
Ry = O(H*VEK).

The bound has no dependence on |S| or |A|, scaling only with the feature dimension d,
horizon H, and episodes K.

Comparison with tabular. Setting d = SAin the Lin-UCBVIbound gives O(H*VSPAK),
which is worse than the tabular UCBVI bound O(H2S\/AK). This is the price of
generality: the linear MDP framework does not exploit the special tabular structure
(where the design matrix A is diagonal). However, for d < S 4, the linear MDP bound is
dramatically better—it enables polynomial regret even when |S| or |.A| is exponentially
large or infinite.
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Analysis Overview

The proof follows the same four-step template as the tabular case: uniform confidence,
optimism, a one-episode bonus bound, and summation via an elliptical potential argument.
Step 1: Uniform confidence. The key uniformization step is the following external

ingredient, which we quote without proof.

Proposition 16 (Uniform model confidence). Fix 6 € (0,1). With probability at least 1 — ¢,
simultaneously for all episodes k € {0, ..., K —1},all stagesh € {0,..., H—1},all (s,a) € Sx A,
and for = Vi, produced by Lin-UCBVI,

(BES)(s,0) = (Pif)(s,0) < B-[|6(s,a)llapy-r = BE(s, ).

Proof idea. This is the subtle point in the original proof: the target f = ‘A/h’irl is random
and data-dependent, so a fixed-target regression bound does not suffice. Instead, Agarwal
et al. (2021) apply their Corollary A.17 stage-wise to an optimistic value-function class
large enough to contain all iterates of Lin-UCBVI, and then union bound over h.

Why no V/S factor. Unlike the tabular case, we never need the ¢; bound. Bellman closure
ensures that P} f is exactly linear in ¢ for any f—including the algorithm’s own random
IA/h’“H. This is why the confidence bound applies directly to the random target, and no
V'S factor arises.

Step 2: Optimism. On the event of Proposition 16, the same backward-induction
argument as in the tabular case gives:

Lemma 17 (Optimism). For every episode k, every stage h, and every state s,
Vi(s) = Vi(s).

Proof. Fix episode k and argue by backward induction on h. At h = H, IA/IZ} =0=Vj;.
Assume V), > V¥, pointwise. Fix (s, a). Since P} (- | s, a) isadistributionand V¥, |, > Vj,,,

(PrVii)(s,a) < (PrViia)(s,a).
By Proposition 16 applied to f = V/¥, |,

(PrViia)(s,a) < (PRVii)(s, a) + bj(s, a).
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Therefore,
Qi (s,a) = ru(s,a) + (PEViE)(s,a) < (s, a) + (PEVE) (s, a) + b (s, a).

Since Q;(s,a) € [0,H — h], clipping to [0, H — h] preserves the inequality and gives
Q5 (s,a) < QF(s,a). Taking maxima over a yields V*(s) > V;*(s). O

Step 3: One-episode bonus bound. The per-episode regret is controlled purely by the
bonuses:

Lemma 18 (Per-episode bonus bound). On the event of Proposition 16, for every episode k,

T

-1

* ’7'l'k
VO (50) - VO (80) < 2 Z ]E(Smah)ngk [bfL<Sh7 ah)} :

=0

>

Proof. Fix episode k and abbreviate 7 = 7%, Vi, = ‘A/h"?, b, = ﬁ,’f, and by, = b. Optimism
(Lemma 17) gives

~

Vi (s0) = Vi (s0) < Valso) = Vi (s0)-
Define Ay(s) = Vh(s) —V7(s),s0 Ay =0.
We first show that for every stage h and state s,
An(s) < ba(s,mu(s)) + ((Pu— P)Viga) (5,7(s)) + (PrAnga)(s, m(s)).
Indeed, on the event of Proposition 16,
(PuVis1)(s,0) > (PiVier)(s,a) = bu(s,a) > —by(s, a),
since Vj41(+) € [0, H — h — 1]. Recall from (4) that
Qn(s,a) = clip[oyH_h}(rh(s, a) + (PuVii1) (s, a) + ba(s, a)), Vi(s) = max Qn(s,a’).
The quantity inside the clip satisfies
ra(s,a) + (PuVii1)(s,a) + bu(s,a) > ry(s,a) > 0,
so clipping can only truncate from above. Therefore

-~

Qn(s,a) < rp(s,a)+ (ISh‘A/hH)(s, a) + bp(s,a).
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Evaluating at 7,(s) € arg max, Qn(s,a),

~ ~

Vi(s) = Qu(s,m(s)) < r(s,mr(s)) 4 (PaViar) (s, ma(s)) + b (s, mh(s)).
On the other hand,
Vir(s) = (s, ma(s)) + (BT Vi) (s, 7a(s))-
Subtracting and writing Vi1 = Vil + Apq gives the displayed recursion.

Taking expectations along a trajectory of 7 in the true MDP and unrolling from & = 0 to
H — 1yields

T

Vo(so) — Vi (s0) < E(sp.ap)~dr [bh(Smah) + ((ﬁh - Pft)‘//\vh-&-l)(shaah)} :
0

>
Il

Applying Proposition 16 once more,
((Pu = i) Vi) (s,0) < buls,0),

SO

H-1
Vo(s0) = Vi (s0) < 2 Eiayan)mdz [bn (50, an)]
h=0
Combining with the initial optimism bound gives the claim. O

Step 4: Summation via an elliptical potential. The counting lemma is replaced by:

Lemma 19 (Elliptical potential lemma). For any sequence of vectors xy, . .., xx_1 € R? with
|zk]] < 1, let S = A + 31—y wia]. Then

K-1

K
2
”MHZEI < 2d10g(1 + T) :

k=0

Proof. Since A > 1 and [|z|| < 1, we have |[x4]|3 . < 1 for all k. By the matrix determinant
k

lemma,
det(Syi1) = det(Sk) (1 + 2 5; "),
SO
K-1
det(Sx) = det(So) J] (1+ lzel3)-
k=0
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Using ||$k||§:;1 < 2log(1+ ||xk||;;1) on [0,1],

=

K-1
lenl3s < 23 log(1+ [lagll3) = 2log
k=0

B
Il

0

Finally, ¥ = A + Zk o Trrp =< (A + K)I, hence

iitt(éig)) < (1 * ?)d

which gives the claim. O

Elliptical potential lemma (linear analog of the counting lemma):

K-1 K
lp(sF, ak || L, < 2 log(l + X) for each fixed stage h.
k=0

Completing the proof of Theorem 15. Let E denote the event in Proposition 16. On E,
Lemma 18 implies that for each episode &,

H—

Vi(s0) = Vi (s0) < 2> E[bi(sk, af) | Har ,

h=0

—_

since b} is H;-measurable and (sF, af) has occupancy distribution under 7* in the true
MDP. Therefore, using 1{ £} < 1 and the tower property,

5 b;z<sz,az>] |

k=0 h=0

E n{E}Z(%*@o)—vﬁ(sO))] < 2K

Substituting b} (s, @) = S|¢(s, a) | ar)-1 gives

H-1
< 25215:

Z o Sh>ah )|l (AF)— ] :

Fix a stage h and write z;, == ¢(sf, a¥) and X}, := A¥. By Cauchy-Schwarz and Lemma 19,

K-1 K-1 %
2 —
loklls 1 < KkZH:ckH L, < \/QKdlog(1+ A).
=0

E|1{E} S (Vi(so) — Vi (

k=0
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Summing over h = 0,..., H — 1 yields

E n{E}Z(vo*@o)—voﬂk(sO))] < cﬂH\/ Kdlog(“@

for a universal constant ¢ > 0. On E, the trivial bound 0 < Vi (so) — V™ (s0) < H contributes
at most 0 K . Combining proves the theorem.

Beyond Pointwise Optimism: The Gorr Algorithm

Notation change. To align with the original references (Jin et al., 2021; Xie et al,,
2023), the remainder of this lecture adopts a slightly different convention: steps are
indexed h = 1,..., H (instead of 0,...,H — 1), the initial state is s; (instead of s),
and rewards are normalized so that 31" r,(sy,as) € [0,1] for every trajectory. Un-
der this normalization, @} : S x A — [0,1] for all », and the Bellman operator is
(Tag) (s, @) = (5, ) + Burepy (g [maas g(/, ).

Motivation: Why Pointwise Bonuses Break Down

Both UCBVI and Lin-UCBVI achieve optimism by adding an exploration bonus to each
state-action pair:
Qi (s,a) = (s, a) + PFVE (s a) + bj(s, a).

The bonus is designed so that @';‘L(s, a) > Q5 (s,a) for all (s, a) simultaneously—what we
call pointwise optimism. For tabular MDPs, the bonus b = O(H/+/N) is a simple function of
the visit count. For linear MDPs, the bonus b = j3||¢||(zx)-1 is a closed-form function of the
feature vector and the design matrix.

But what about general function approximation? Suppose we are given a function
class F of candidate Q-functions (e.g., neural networks, decision trees, or any other
parametric family). There is no natural way to construct a pointwise bonus % (s, a) such
that f,(s,a) + bf(s,a) > Qi (s,a) for all (s,a), while also ensuring that f; + b} remains
within a tractable function class. The bonus depends on the model structure in a way that
does not generalize.
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Pointwise vs. global optimism.

Pointwise optimism Global optimism
(UCBVI, Lin-UCBVI) (GorF)
Goal Qk(s,a) > Qi(s,a) for all Vi(s)) > Vi(s1) at the initial
(s,a,h) state only
Mechanism Add explicit bonus bf(s,a) to Search for most optimistic
each state-action value function in a confidence
set BF
Proof of optimism Backward induction on i Confidence set containment:
Q* c Bk
Scope Requires closed-form bonus Works for any function class F

(tabular, linear)

Global optimism is strictly weaker than pointwise optimism—it only requires Vi(s1) >
Vi*(s1), not Q5 (s, a) > Q5 (s, a) everywhere. Yet this suffices for regret:

H
k Uk k Ak Ak
Vi(se) = Vi (s1) < Vi(s1) = V7" (s1) = E E«[QF — ThQ% 1]
N - —~ ~ (policy loss decomposition) h
per-episode regret only uses optimism at s1 =it

The Bellman residuals @j(s, a) — (771@2 +1)(s, a) may be negative at individual states (no
pointwise optimism!), but their squared average is controlled by the confidence set, and
Cauchy-Schwarz converts squared-error control into signed-error control (Lemma 21).

Setup

In this section, for simplicity, we assume |F| < oo and define the confidence set using the
same class F}, on both sides of the local least-squares comparison. This is the common
setting used below to present both the BE-dimension analysis of Jin et al. (2021) and the
coverability analysis of Xie et al. (2023).

We are given a value function class F = F; x --- X Fy, where each 7, C (S x A — [0,1]) is
finite. We adopt the convention fy ., = 0. For each f € F, let 7; denote its greedy policy:

7rn(s) € argmax fi,(s, a).

acA

We write IT := {7y : f € F} for the induced policy class.
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Algorithm 3 GoLr

Require: Function class F, confidence parameter (3, episodes K

1: Initialize Dy, + 0 for all € [H], and B® + F

2. fork=1,2,..., K do

3: fF  argmax g1 max, fi(s1,a)

Set T <

Execute 7%, collect trajectory (sf, af, rf, ..., sk, aly, i, sh 1)
Dy, < Dy U{(sf,af,rf, sf, )} forall h € [H]
Update Bt = {f SV EDh(fh’ fh—i—l) < ming, ez, ‘CDh(gha fh+1) + 5, Vh e [H]}
8: end for
9: return 7" sampled uniformly from {r', ... 7%}

Assumption 1 (Completeness). Forall h € [H] and all f, 41 € Fp11, we have

Trfrs1 € Fa.

Algorithm: GoLr

Gorr (Global Optimism based on Local Fitting) replaces explicit pointwise bonuses with a
confidence set of Q-functions.

Squared Bellman error loss. For each step h, let D, = {(s§, a},, 74, st ;) }i-/ be the data
collected at step h from the first £ — 1 episodes. For f;, € Fj and fi+1 € Fj41, define

2

Lo, (i, fay) = Y [fh(& a)—r— g}g}fh—kl(s/a a’)

(s,a,r,s/)E'Dh

Confidence set. At the start of episode %k, Gorr keeps all functions whose Bellman loss is
within /5 of the best step-wise fit:

GoLr confidence set:

B" = {f € F: Lp,(fn, fas1) < gggrlh Lp, (g, fry1) + B, Vh € [H]}

Optimistic planning. Gorr selects the most optimistic value function in B! and executes
its greedy policy:

f* € argmaxmax f, (s, a), = T fk.
fepk—1 acA
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Interpretation. GoLr is an optimistic version of fitted Q-iteration: instead of taking a
single least-squares fit, it keeps the whole version space of functions whose Bellman loss
is nearly optimal, and then chooses the most optimistic element.

Shared High-Probability Ingredients

For each episode k and step h, define the Bellman residual
0n(s,a) = fi(s,0) = (Tufyia)(s, a),
the average Bellman error under policy ,
5(fk> m,h) = ]E(s,a)Nd; [5}}:(37 a)] )

and the cumulative visitation
k=1
cAlElk)(s, a) = Z d7 (s,a).
i=1

We quote the following high-probability event without proof. In our setting it is the
standard concentration event behind both analyses: compare Lemmas 3940 and Appendix
D.3in Jin et al. (2021), and Eq. (2) in Section 3.2 of Xie et al. (2023).

Lemma 20 (Confidence Set Containment). There is an absolute constant c such that if
B = clog(KH|F|/d),
then with probability at least 1 — §, we have

Q* e B forallk € [K].

Intuition and role. Completeness gives Q; = T,Q5 ., € Fy, so Q* is a fixed point of the
Bellman operator and belongs to F. Its population Bellman error is therefore zero:

ES’NP,:(~|S,¢1) [(QZ(‘S? CL) - 7,h(Su CL) - HlaE}X QZ«H (5/7 a/))2i| = O, \V/(S, CL)-
The empirical loss Lp, (Q}, @5, ) deviates from zero only due to sampling noise; the

threshold 8 = O(log(K H|F|/))) absorbs this via a union bound over the finite class F.
This lemma provides the optimism ingredient: Q* € B*! and f* = argmaxg—: together
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give
mgxflk(sl,a) 2 ‘/1*(51)7

which is the starting point of the regret decomposition (Lemma 22).

Lemma 21 (Bounded Squared Bellman Error). Under the same choice of /3, with probability at
least 1 — 0, for all (k, h) € [K] x [H]:

k—1

(a) ZE(S’G)Ndzi (65 (s,a))*] <O(B),

i=1
k—1

(b) Y (55 (sh ai)* < O(B).

=1
Equivalently,
S AP (s,a) (6 (s,)? < O(B).

s,a

Intuition. Forany f* € B*, the confidence set constraint gives Lp, (fF, fF.,) < ming, Lp, (gn, fr 1)+
8. By completeness, T, fF,, € F, is a valid candidate for the minimum, and its loss

Lo, (Thfr.1, [E.1) is a sum of squared martingale differences (bounded by O(/3) via con-
centration). Hence fF cannot have large squared Bellman error on the data; lifting from
empirical to population yields part (a).

Role in downstream analyses. This is the shared learning ingredient. Both regret bounds
consume it to convert squared Bellman error into signed Bellman error control:

e BE dimension (Theorem 25): Jensen gives (£(f*, 7, h))* <E_.[(6F)?], so

ol
dh

N

1
(E(fF, h))2 < 0(p) — input to Eluder conversion (Lemma 23).

i=1

* Coverability (Theorem 28): Cauchy-Schwarz against the cumulative visitation &Elk)

yields

ZEdeUé,’j” < \/ > kisa dP (652 x (elliptic-potential factor).
I N —
< O(v/BK) by this lemma

Lemma 22 (Regret Decomposition Into Bellman Errors). On the event of Lemma 20,

K
Ri < ) > E(ff 7% h).

H
k=1 h=1
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Proof. Since Q* € B*~! and f* is chosen from B*~!, optimistic planning gives
max fi(s1,a) > maxQ}(s;,a) = Vi (s1).

By the standard policy loss decomposition,

o H
max ff (si,a) = V7" (s1) = Y B [fi(s,0) = (Taff)(s.0)] = Y E(fF
h=1 h=1

Hence

H

k
Vi(s) = Vi (s1) < D_E(fh "),

h=1

and summing over k proves the claim. O

Shared reduction:

K H
K <Y E(fF T R).
k=1 h=1
Regret via BE Dimension

This subsection follows the BE-dimension analysis of Jin et al. (2021, Section 4.2 and
Appendix D).

Definition 3 (Distributional Eluder Dimension). Let ® be a function class on X, and I1 a family
of probability measures over X. We say v is e-independent of {y1, ..., pu,} C 11 with respect to ® if
there exists ¢ € ® such that

but IE,[¢]] > e.

The distributional Eluder dimension dimpg(®, I1, €) is the length of the longest sequence in 11 that
is successively €'-independent for some £’ > .

Informally, dimpg, counts the maximum number of distributions that can be “successively
surprised” by ®: small dimpg means a function’s average under a few distributions pins
down its average under the rest.

Definition 4 (Bellman Eluder Dimension). For a distribution family I1 = {11, }nc(u, define

dBE(.F,H,E) = }Illel[ég(]dimDE((I—ﬁ)f,Hh,é),
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where

(L =T)F = {fu—"Thfnt1: [ € F}
We use the two distribution families that appear in the BE-dimension analysis:
Dr ={Drn}r1.  Dra=A{dy’ : f € F},

and
Da = {Dantiti,  Dap={06a(): (5.0) €S x A}.

Lemma 23 (DE-Dimension Conversion). Let ® be a function class on X with |¢(z)| < C for
all (¢,x) € ® x X, and let 11 be a family of probability measures over X. Suppose sequences

{on} B C ®and {p} | C 1 satisfy

N

-1

(B, [0’ <8 forallk € K]

i=1

Then for all w > 0 and all k € [K],

k
> IE (6]l < O(Vdimps(@,TLw) Bk + min{k, dimps(®,1L,w)} € + k).

i=1

Proposition 24 (Counting Large Episodes). Under the hypotheses of Lemma 23, for every € > w,
[{t € [k]: [Eu[od]| > e} < (£+1)d,  d=dimpg(P, ,w).

Proof. Let k = |[{t € [k] : |[E,,[¢:]| > ¢}| and d = dimpg(P,I[,w). If kK < d, thenk < d <
(B/? + 1)d and we are done. Assume k > d > 1,and lett; < --- < t,. be the indices with
E,.., [¢4,]] > e Set L= [(k —1)/d] > 1.

Step 1 (Greedy packing). Initialize L bins By = {t,}, By = {t2}, ..., By = {t.}. Process
tr+1,t+2, ... in order according to the rule:

if y1;, is e-independent of some B;, append ¢; to B;; otherwise, stop.

Step 2 (Overflow). By construction, every element added to B; is e-independent of B; at
the time of insertion, so each bin forms a successively e-independent sequence. Since ¢ > w,
Definition 3 gives |B;| < d, so the L bins hold at most Ld < x — 1 elements in total. Since
there are x distributions to process, the procedure must stop at some f;;, which—by the
stopping rule—is not e-independent of any bin, i.e., y1, is e-dependent on every By, ..., By.
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Step 3 (Energy extraction). Fix any bin B,. Note that the elements inside B, are mutually
e-independent (by Step 1), but the overflow element 1, is e-dependent on B, as a whole (by
Step 2). By Definition 3, this dependence means: for every ¢ € @,

\/ZieBg(Em[ﬁb])Q <& = |]EW], @] < e.

Since t; is a large episode, we know [E,, [¢,]| > €. By contrapositive of the above with
¢ = ¢th
Z(EM [¢tj])2 > 62'

1€By
This holds for each ¢ = 1,...,L, and the bins are disjoint subsets of {t1,...,t;_1} C
{1,...,t; —1},s0

ti—1

Le* < ZZ(EW[@J)Q < Z(Eﬂi[¢tj])2 < B,

(=1 i€B, i=1

where the last step uses the hypothesis of Lemma 23. Hence L < /%, and k < (L + 1)d <
(B/e* 4+ 1) d. O

Proof of Lemma 23. Write d = dimpg(®,II,w). Sort |E,, [¢:]| in decreasing order: e; > ey >
e 2 €k

Step 1 (Threshold split). Every term satisfies either e, < w or e, > w, so

Zet = Z et + Z es.

t=1 t:er<w t:et>w
——

< kw (at most k terms, each < w)

Step 2 (Order-statistic decay). We bound each large term ¢, (e; > w, t > d) using
Proposition 24. Fix any 7 € (0, e; — w) and set ¢ := e, — . Then:

* ¢ =¢, —1n > w,so Proposition 24 applies with this e.
e Sincee; > --- > ¢ > e, —n = ¢, at least t values exceed ¢.
e Proposition 24 gives: t < |{s:e;>¢}| < (B/e*+1)d=(B8/(es —n)*+1)d.

Letting n | 0: ¢ < (B8/e? + 1)d. Since t > d, rearranging gives t — d < df/e?, i.e.
e; < +/dp/(t — d). Combined with e; = |E,, [¢;]| < C (by the hypothesis |¢(x)| < C for all
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ped xeX):
: dp .
e; < min m, C for all t > d with € > W.

Step 3 (Summation). The decay bound from Step 2 applies only for ¢ > d; for ¢t < d we use

e; < C. Hence
min{d,k} dﬁ
Y e < pe 4—}2\/

tiet>w t=1 t= d+ 1
——
e¢<C (Step 2 not available) Step 2 bound

For the second sum, substitute s = ¢ — d and compare with an integral (1/4/s is decreasing,

0 < )

Z \/_Z\/ \/_/ — 2/dBlk —d) < 2:/dBk.

t=d+1

Combining all three contributions:

E,. (¢ < min{d,k}C + 2v/dfk + kw. O

IIMw

Theorem 25 (Gorr Regret via BE Dimension). Under Assumption 1, run Govrr (Algorithm 3)
with
B = clog(KH|F|/0)

for a sufficiently large absolute constant c. Then with probability at least 1 — ¢,

RK S O(H dBE5K>, dBE = min dBE(]:a H,l/\/?)

Ne{Dr,Da}
Proof. On the event of Lemmas 20-21,
K H H K
K < YN (AR ) < YOS et
k=1 h=1 h=1 k=1

Fix a step h. We prove the branch corresponding to Il = Dx; the D branch is analogous.
Apply Lemma 23 with

X=8xA  ©o=1-T)F, ¢p=0,  ju=d, C=1, w=1/VK.
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By Jensen’s inequality and Lemma 21(a),

k—1 k-1 k—1

i 2
DBl = X (6" 1) £ 3 e 0. 0)] < 0(9)
Therefore .
Z E(FF, 7" )| < O(\/ dpe 8 K + dpg + \/E) :
k=1
Summing over h = 1, ..., H and absorbing lower-order terms proves the theorem. [

Gorr regret (BE dimension):

Rk = 6( dBEK).

Regret via Coverability

This subsection follows the coverability analysis of Xie et al. (2023, Section 3.2) for the same
Gorr algorithm.

Definition 5 (Coverability Coefficient). The coverability coefficient of the policy class 11 is

dr

Hh

Coov = inf sup
Byt EA(SXA) el he[H]

Lemma 26 (Coverability as Cumulative Reachability). The coverability coefficient also admits
the equivalent form
Coov = max Z sup dj (s, a).
helH] (s,a)ESx A mell
Burn-in times. Foreachstep £, let i be a distribution attaining the infimum in Definition 5;
if the infimum is not attained, one may use an arbitrarily close minimizer and absorb
constants. For each state-action pair (s, a), define

Th(s,a) = min ({k € [K]: glgf)(s,a) > Cloy uZ(s,a)} U{K + 1}) . (5)

Lemma 27 (Per-State-Action Elliptic Potential). Let d), ..., d") be distributions over a set Z,
and let ;n € A(Z) satisfy

<C  forall (z,t) € Z x [T].
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Then for every z € Z,
T

d®(z)
; > it dO(2) + C p(2)

< O(logT).

Proof. Fix z € Z,and write w; = dV(z), W, = 3",_, w;, and W = Cp(z). Since wy < W, we
have w,/(W; + W) € [0, 1]. Using u < 2log(1 + u) for u € [0, 1],

w, w, Wit + W
< 2l0g(1 — 2log( Lt VY
Wit W = Og( +Wt+W> Og( Wt+W)

T T
> gty < 2 < (14 Z0) < 2t

]

Theorem 28 (GoLr Regret via Coverability). Under Assumption 1, run Govr (Algorithm 3)
with
p = clog(KH|F|/))

for a sufficiently large absolute constant c. Then with probability at least 1 — 0,

Ri < O(H\/CmﬂK log K) .

Proof. On the event of Lemmas 20-21,

R < ) ) E(ff.x"h).

K
k=1 h=1

Fix a step h. By the triangle inequality and |E[X]| < E[|.X|] (Jensen),

K

K
d_E(ft At h) < Y lE(ft At < Y Eloh]].
k=1

k=1 k=1

=

Split into burn-in and stable terms (recall 7, (s, a) from (5)):

K K

ZE(s,a)~d’gk [|5,’f(s,a)| 1{k < (s, a)}} + ZE(Sﬂ)ngk [|5,]§(s,a)| 1{k > (s, a)}} .

k=1 k=1

Burn-in. Since f}, T, fF,, € [0,1] (by the Setup F, C (S x A — [0, 1]) and completeness),
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07 (s, a)| = |ff = Tufi1| < 1. Expanding the expectation, bounding |6F| < 1, and swapping

>, with Zs,a:

K
ZE(M)MF []5’“(5 a)| {k < (s, a) ZZd’r s,a)|6F(s,a)| 1{k < 14(s,a)}
k=1 k=1 s,a
Th(s,a)
S MRS o T
Write 7 = 7,,(s, a). Then
th)(s,a) = cAlE:_l)(s,a) + a7 (s, a) < 2Ccoy (s, a),

—_—— ——
< Coov 1}, (5,a) by minimality of 7 in (5) < Ceov 1}, (s,a) by Def. 5

SO
Burn-in < 22(760v wi(s,a) = 2Ceoy.

s,a

Stable phase. For k > 7,(s,a) we have

(%Lk)(s,a) > Ceoy ,UZ(S, CL),
hence '
@ (5,0) 2 5 (@1 (5,0) + Coon 1 (5, ).
Expanding the expectation:
K
1{k > m.(s,a)}
E (108 (s, )| 1{k > T,(s,a)}] = P (s.a) 5ksa
D B (9505, 1k 2 7. ) z g VP s.0)

N , ﬁk,s,a
~~

Ak s a

Cauchy-Schwarz (3 af < /> a?y/> [(?) gives

k,s,a 8, (l) k,s,a

A 7\ J

s (dr (S’a)%;)lz > m,(s,a)}) \/Z d*) (s, a) (6 (s,a))?.

(11] (ID)
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By Lemma 21, ), A(k (65)2 < O(PB) for each k. Summing over k = 1,..., K:
K
a? = 33" d¥(s,a) (0 (s,0)* < O(BK), (D < O(\/FE).
k=1 s,a

For (I), on the stable phase (k > 7,(s, a)) we may replace cAiEf) (s,a) in the denominator by
(c?(k) (5,a) + Ceoy 15(8, @) and then drop the indicator (adding only non-negative terms):

k 2
(1)2 < 2 Z =5 dh (87 CZ)
ksad (S7a) +CCOV ,U/Z(S,CL)

Bounding one copy of df'(s,a) in the numerator by max; d;{k/(s,a), then applying
sta s, bs.o < (MAX; g Qs q) Zm bs. (HOlder’s inequality):

< 2 | max max dF (s,a) | .
( Zgﬂk S a)_l_ccovluh(s CL > (Z " )

For the second factor, max;, df (s, a) < sup, . dj(s, a) pointwise, so Lemma 26 gives

Z max d;{k(s, a) < Creoy-
S,a

For the first factor, Definition 5 gives df (s, a) < Ceoy 11} (s, a) for all (k, s, a), so Lemma 27
(with C' = Cioy, 1t = 1)) bounds it by O(log K'). Therefore

(M2 < O(Cooy log K), (D < O(/Ceov log K).

Combining burn-in and stable phases,

Ze 7 1) < 2o + OV Coolog K  \/BE ) = O(/Cooy K Tog K ) .

Summing over h = 1,..., H proves the theorem. H

Gorr regret (coverability):
Ry = O(H\Coor )
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Two complementary views of the same GoLr algorithm.

BE dimension analysis Coverability analysis

Measures Function-class complexity MDP structural complex-
ity
Bound O(Hv/dp K) O(Hv/Ceoy K)

Shared inputs same confidence set, the same optimism lemma, and
the same squared Bellman-error control event

Step 3 tool DE-dimension conversion Burn-in/stable decompo-
sition + elliptic potential

The two bounds are incomparable in general: BE dimension is small when the function
class is simple, while coverability is small when the family of reachable state-action
distributions has strong overlap.

Summary

Summary of regret bounds:

Algorithm / Bound Regret Key Technique

Random exploration Q(AH) Exponentially slow

UCBVI (Hoeffding) O(H?SVAK ) Pointwise bonus + counting lemma

UCBVI (Bernstein) O(H2VSAK ) Variance-dependent bonus

Gorr (BE dimension) O(H+/dgg - K) Confidence set + DE pigeonhole

Gorr (coverability) 9]

(
(
(
Lin-UCBVI (linear MDP) O(H*V#K) Ellipsoidal bonus + elliptical potential
(
(Hv/Ceoy - K) Burn-in/stable + elliptic potential
(

Minimax lower bound Q(H3?/SAK) Information-theoretic
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Key takeaways.

e The exploration problem is fundamentally different from policy optimization:
the agent must adaptively collect data online, and the “optimism in the face of
uncertainty” principle guides exploration toward informative states.

e UCBVI achieves near-optimal regret by adding exploration bonuses to the empir-
ical Bellman equation. The canonical four-step proof structure—concentration,
optimism, decomposition, counting—applies broadly to optimistic exploration
algorithms.

* The linear transition model extends the framework to function approximation, with
the feature dimension d replacing SA. The Mahalanobis-norm bonus ||¢||(yx)-: and
the elliptical potential lemma are the natural linear-algebraic analogs of count-based
bonuses and the pigeonhole counting argument.

* Gorr extends the optimism principle beyond pointwise bonuses to general function
classes via global optimism: maintaining a confidence set and selecting the most
optimistic value function. Two complementary analyses yield regret bounds: the
BE dimension measures function class complexity, while coverability measures
MDP structural complexity. The same algorithm achieves low regret under either
condition—only the analysis differs.

* The transition from generative model / offline settings (earlier lectures) to online
episodic learning requires fundamentally new ideas: optimism replaces certainty-
equivalence, and adaptive data collection creates coupling between the model estimates
and the trajectory distribution.
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