
Mathematical Principles of Reinforcement Learning Tengyang Xie

Lecture 12: Offline RL
This lecture studies offline reinforcement learning (also known as batch RL), where the

agent must learn a good policy from a fixed dataset collected a priori, without any further

interaction with the environment. The central principle is pessimism in the face of uncertainty—

the mirror image of the optimism principle studied in Lecture 11. We cover three main

ideas: the suboptimality decomposition that explains why pessimism is needed, Pessimistic
Value Iteration (PEVI) for linear MDPs (Jin et al., 2021), and Bellman-consistent pessimism
(BCP) for general function classes (Xie et al., 2021). The PEVI portion of the lecture remains

in the finite-horizon episodic setting of Lecture 11, while the BCP portion later switches to a

discounted infinite-horizon setting following Xie et al. (2021).

Setup. For the PEVI part of the lecture, we continue with the finite-horizon episodic MDP
M = (S,A, H, {P ⋆

h}, {rh}, s0) from Lecture 11, with state spaceS , action spaceA, horizonH ,

transition kernel P ⋆
h (· | s, a), deterministic reward rh(s, a) ∈ [0, 1], and fixed initial state s0.

Value functions and Q-functions are defined as before. For any Q-function g : S ×A → R,

write Vg(s) := maxa∈A g(s, a). In the PEVI sections, we use the Bellman optimality operator

on next-step Q-functions:

(Thg)(s, a) := rh(s, a) + (P ⋆
hVg)(s, a),

where (P ⋆
hu)(s, a) = Es′∼P ⋆

h (·|s,a)[u(s
′)] for any state-value function u : S → R.

Finite-horizon Bellman equations (used in the PEVI sections): For any deterministic

policy π,

Qπ
h(s, a) = rh(s, a) + P ⋆

hV
π
h+1(s, a), V π

h (s) = Qπ
h(s, πh(s)), V π

H ≡ 0.

At the optimal policy π⋆
, these specialize to the Bellman optimality equations:

Q⋆
h(s, a) = rh(s, a)+P

⋆
hV

⋆
h+1(s, a) = (ThQ⋆

h+1)(s, a), V ⋆
h (s) = max

a∈A
Q⋆

h(s, a), V ⋆
H ≡ 0.

The performance metric in offline RL is the suboptimality of a learned policy π:

SubOpt(π; s0) := V ⋆
0 (s0)− V π

0 (s0).
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The Offline RL Problem

Setting and Data Collecting Process

In the offline (or batch) setting, the learner has access only to a pre-collected dataset

D—there is no ability to interact with the environment or collect new data. This is in

stark contrast to the online exploration problem of Lecture 11, where the agent adaptively

collects trajectories over K episodes.

Definition 1 (Offline dataset). The offline dataset consists of K trajectories:

D =
{
(sτh, a

τ
h, r

τ
h, s

τ
h+1)

}K−1, H−1

τ=0, h=0
,

where for each trajectory τ ∈ {0, . . . , K − 1}, the experimenter takes action aτh at state sτh, observes
reward rτh = rh(s

τ
h, a

τ
h), and the next state is sampled sτh+1 ∼ P ⋆

h (· | sτh, aτh). The actions aτh are
chosen by a (possibly adaptive) experimenter and are not under the learner’s control.

The key assumption on the dataset is compliance: the conditional distribution of (rτh, s
τ
h+1)

given the current and past data is determined by the true MDP.

Assumption 1 (Compliance). The datasetD is compliant with the underlying MDP (S,A, H, P ⋆, r):
for each trajectory τ and step h, conditioning on (sτh, a

τ
h) and all data from earlier trajectories and

earlier steps within trajectory τ , the tuple (rτh, sτh+1) is generated by the reward function rh and
transition kernel P ⋆

h of the underlying MDP.

Generality of compliance. Assumption 1 is deliberately permissive: the actions aτh can

be chosen by any mechanism—a fixed behavior policy, an adaptive strategy, or even an

adversary. The K trajectories need not be independent or identically distributed. All

that is required is that the transitions and rewards follow the true MDP. This captures

diverse practical scenarios: data pooled from multiple operators, data collected by an

evolving policy, or data from a simulator with scripted behaviors.

Online vs. Offline: From Optimism to Pessimism

In Lecture 11, we saw that the online exploration problem is solved by the optimism
principle: the agent inflates uncertain Q-values with bonuses, which drives it to explore

under-visited states. The key structural feature of the analysis is:

Online regret ≤ sum of bonuses along the learned policy’s trajectory.

This works because the agent controls which states to visit, and optimism ensures it visits

informative ones.
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In the offline setting, the agent has no control over the data. A natural question is whether

we can simply run an online optimistic algorithm (e.g., UCBVI or Lin-UCBVI) on the offline

dataset. Figure 1 shows why the answer is no: optimism’s bonus mechanism picks in

exactly the wrong direction when revisiting an arm is impossible. The remedy is to flip the

sign—subtract a penalty (pessimism) instead of adding a bonus—so that poorly-covered

state-action pairs are assigned low Q-values and the learned policy avoids them.

Q
−2 −1 0 1 2

µ⋆
1=1µ⋆

2=0

Arm 1 (N1=100)

tight CI

Arm 2 (N2=1)

LCB2 UCB2

Greedy: argmax µ̂ Arm 1 ✓ (but fragile to noise)

UCB: argmax(µ̂+ Γ) Arm 2 ✗ (systematically wrong)

LCB: argmax(µ̂− Γ) Arm 1 ✓ (robust)

Figure 1: Why optimism fails offline. Bandit with µ⋆
1=1, µ⋆

2=0, data N1=100, N2=1, and

point estimates equal to the true means (µ̂1=1, µ̂2=0; no bad luck). The penalty/bonus

Γ(a) = c/
√
N(a) makes Arm 2’s confidence interval much wider than Arm 1’s. UCB

picks the upper endpoint of the CI and thus deterministically selects the under-sampled

Arm 2—its bonus rewards data scarcity, which is exactly the wrong signal offline. LCB
picks the lower endpoint and robustly selects Arm 1. Online, UCB would revisit Arm 2

and the bonus would shrink; offline, no revisits are possible, and the wrong-direction

correction is permanent.

The pessimism principle:

Q̂h = rh + P̂hV̂h+1 + bh︸ ︷︷ ︸
optimism (online, Lecture 11)

−→ Q̂h = rh + P̂hV̂h+1 − Γh︸ ︷︷ ︸
pessimism (offline, this lecture)

.

The penalty Γh(s, a) ≥ 0 has the same form as the exploration bonus, but the sign is

flipped.

What Causes Suboptimality?

Before presenting the PEVI algorithm, we analyze what causes suboptimality for any algo-

rithm that constructs estimated Q-functions and a greedy policy from the dataset. This

decomposition, due to Jin et al. (2021), is the finite-horizon offline analogue of the Perfor-
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mance Difference via Bellman Error lemma from Lecture 7, and also the same standard

policy-loss decomposition reused in the episodic regret analysis of Lecture 11. It reveals

why pessimism is the right principle in the offline setting.

Decomposition of Suboptimality

Suppose an algorithm produces estimated Q-functions Q̂h : S ×A → R from the dataset

D. Define

Q̂H(·, ·) := 0, V̂h(s) := max
a∈A

Q̂h(s, a), π̂h(s) ∈ argmax
a∈A

Q̂h(s, a),

and note that the Bellman error at step h is

(ThQ̂h+1)(s, a)− Q̂h(s, a),

which measures how well Q̂h approximates the true Bellman backup of Q̂h+1.

Lemma 1 (Decomposition of suboptimality). Let π̂ = {π̂h}H−1
h=0 be the greedy policy induced by

Q̂. Then for any initial state s0,

SubOpt(π̂; s0) =
H−1∑
h=0

Eπ̂

[
Q̂h(sh, ah)− (ThQ̂h+1)(sh, ah)

∣∣∣ s0]︸ ︷︷ ︸
(i): Pessimism-controlled term

+
H−1∑
h=0

Eπ⋆

[
(ThQ̂h+1)(sh, ah)− Q̂h(sh, ah)

∣∣∣ s0]︸ ︷︷ ︸
(ii): Optimism-controlled term

+
H−1∑
h=0

Eπ⋆

[
Q̂h(sh, π

⋆
h(sh))− Q̂h(sh, π̂h(sh))

∣∣∣ s0]︸ ︷︷ ︸
(iii): Optimization Error

. (1)

Here Eπ̂ and Eπ⋆ denote expectations over trajectories induced by π̂ and π⋆ in the true MDP, given
the fixed functions Q̂h+1 and Q̂h.

Proof. The proof is the same telescoping argument behind the Performance Difference via
Bellman Error lemma from Lecture 7, applied once with π = π⋆

and once with π = π̂ and

then subtracted. Fix s0 and abbreviate Eπ[·] = Eπ[· | s0]. For any policy π, telescoping

the Bellman equation V π
h (s) = Qπ

h(s, πh(s)) = rh(s, πh(s)) + P ⋆
hV

π
h+1(s, πh(s)) and using
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(ThQ̂h+1)(s, a) = rh(s, a) + P ⋆
h V̂h+1(s, a) gives

V π
0 (s0)− V̂0(s0) =

H−1∑
h=0

Eπ

[
(ThQ̂h+1)(sh, ah)− Q̂h(sh, ah) + Q̂h(sh, πh(sh))− V̂h(sh)

]
. (2)

Since V̂h(s) = Q̂h(s, π̂h(s)), applying (2) to π = π⋆
yields

V ⋆
0 (s0)−V̂0(s0) =

H−1∑
h=0

Eπ⋆

[
(ThQ̂h+1)(sh, ah)− Q̂h(sh, ah) + Q̂h(sh, π

⋆
h(sh))− Q̂h(sh, π̂h(sh))

]
,

and applying (2) to π = π̂ yields

V π̂
0 (s0)− V̂0(s0) =

H−1∑
h=0

Eπ̂

[
(ThQ̂h+1)(sh, ah)− Q̂h(sh, ah)

]
,

since Q̂h(sh, π̂h(sh))− V̂h(sh) = 0. Subtracting the second from the first and rewriting the

first difference as Q̂h − ThQ̂h+1 gives (1).

Interpreting the three sources of suboptimality.
• Term (i): pessimism-controlled term. This is the Bellman error along the trajectory

of π̂, written in the order Q̂h − ThQ̂h+1. If Q̂h ≤ (ThQ̂h+1) pointwise, equivalently

Q̂h − (ThQ̂h+1) ≤ 0, then term (i) is non-positive. Without such sign control, this

term can be badly biased because π̂ is chosen from the same data used to estimate

Q̂.

• Term (ii): optimism-controlled term. This is the Bellman error along the trajectory

of π⋆
. It is the comparator-policy term that already appeared in the telescoping /

Bellman-error decompositions from earlier lectures. In the symmetric optimistic

direction, if Q̂h ≥ (ThQ̂h+1) pointwise, then this term is controlled with the favorable

sign. In offline RL, we instead upper-bound it by uncertainty along π⋆
’s trajectory.

• Term (iii): Optimization error. This term measures the gap Q̂h(sh, π
⋆
h(sh)) −

Q̂h(sh, π̂h(sh)) under π⋆
’s trajectory. It is non-positive when π̂ is greedy with respect

to Q̂h (since then Q̂h(s, π̂h(s)) ≥ Q̂h(s, a) for all a), and hence can be dropped.

The key insight: for the greedy policy π̂, term (iii) ≤ 0, and pessimism eliminates the

pessimism-controlled term (i), so the remaining burden is to control the optimism-

controlled term (ii). This depends on how well D covers the optimal policy’s trajectory,

not on uniform coverage of the entire state-action space.
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Illustration via a Special Case: Multi-Armed Bandit

To build intuition, consider the multi-armed bandit (MAB), a special case with |S| = 1 and

H = 1. There are A arms with mean rewards µ(a), a ∈ A. The dataset consists of K pulls

D = {(aτ , rτ )}K−1
τ=0 , and the sample average estimator is

µ̂(a) =
1

N(a)

∑
τ : aτ=a

rτ , N(a) =
K−1∑
τ=0

1{aτ = a}.

Bandit Decomposition. Let Q̂ : A → R be any bandit score and let π̂ = argmaxa Q̂(a).

Since the Bellman error is µ(a)− Q̂(a) and the optimization term is Q̂(π⋆)− Q̂(π̂) ≤ 0, the

decomposition (1) becomes

SubOpt(π̂) ≤ Eπ̂

[
Q̂(π̂)− µ(π̂)

]
︸ ︷︷ ︸

(i)

+Eπ⋆

[
µ(π⋆)− Q̂(π⋆)

]
︸ ︷︷ ︸

(ii)

.

For naive greedy, Q̂ = µ̂, so π̂ = argmaxa µ̂(a) and the estimation error µ̂(a)− µ(a) is mean

zero for each arm. However, term (i) becomes µ̂(π̂)−µ(π̂), which is positively biased because

π̂ is selected to maximize µ̂.

Q
−2 −1 0 1 2

µ(a†)=0
µ(a⋆)=1

a⋆ (N(a⋆)≫1)

narrow CI

a† (N(a†)=1)

wide CI

Term (ii) Oracle-controlled: only uses the well-covered arm a⋆.

Term (i) Selection-biased: π̂ may jump to the poorly covered arm a†.

Pessimism Pointwise pessimism: if Q̂(a) ≤ µ(a) for all a, then Eπ̂[Q̂(π̂)−µ(π̂)] ≤ 0.

Figure 2: Bandit view of the offline decomposition. Term (ii) is small when the optimal

arm a⋆ is well covered. Term (i) is not oracle-controlled because the data-dependent policy

π̂ can jump to the wide-CI arm a†. Pessimism penalizes a† and makes term (i) non-positive.

Figure 2 isolates the asymmetry in (1): term (ii) is oracle-controlled by the coverage of a⋆,

whereas term (i) is evaluated at the data-dependent arm π̂ and can therefore be driven by

the poorly covered arm a†. Pessimism is stronger than concentration: if Q̂(a) = µ̂(a)− Γ(a)

6 Last updated: April 11, 2026



Mathematical Principles of Reinforcement Learning Tengyang Xie

satisfies Q̂(a) ≤ µ(a) for all a, then

Eπ̂

[
Q̂(π̂)− µ(π̂)

]
≤ 0,

so only the oracle-controlled term remains.

PEVI for Linear MDPs

We now study Pessimistic Value Iteration (PEVI) as a linear-MDP algorithm. The presentation

is intentionally parallel to Lecture 11’s treatment of Lin-UCBVI: the Bellman backup is

estimated by linear regression, uncertainty is measured by an ellipsoidal norm, and the

only conceptual change is that the uncertainty term is subtracted rather than added.

The Linear MDP

We reuse the linear transition model from Lecture 11 and add a linear reward model,

restated here for convenience.

Definition 2 (Linear MDP). An episodic MDP satisfies the linear MDP structure with feature
map ϕ : S ×A → Rd if there exist unknown signed measures µ⋆

h = (µ
⋆(1)
h , . . . , µ

⋆(d)
h ) over S and

an unknown vector θh ∈ Rd such that

P ⋆
h (· | s, a) = ⟨ϕ(s, a), µ⋆

h(·)⟩, rh(s, a) = ⟨ϕ(s, a), θh⟩.

We assume ∥ϕ(s, a)∥2 ≤ 1 for all (s, a) and max{∥µ⋆
h(S)∥2, ∥θh∥2} ≤

√
d.

The key property is that the Bellman backup remains linear in ϕ. By the linearization of

the transition term from Lecture 11, for any state-value function f : S → R,

(P ⋆
hf)(s, a) = ⟨ϕ(s, a), (µ⋆

h)
Tf⟩.

Therefore, for any Q-function g : S ×A → R,

(Thg)(s, a) = rh(s, a) + (P ⋆
hVg)(s, a) = ⟨ϕ(s, a), w⋆

h,g⟩, where w⋆
h,g := θh + (µ⋆

h)
TVg ∈ Rd.

This linearization holds regardless of whether g is itself linear—the Bellman backup of any

bounded next-step Q-function remains linear in ϕ.
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Algorithm 1 PEVI (episodic, linear MDP)

Require: Dataset D = {(sτh, aτh, rτh, sτh+1)}
K−1,H−1
τ,h=0 , regularization λ ≥ 1, confidence β > 0

1: Initialize: Q̂H(·, ·)← 0, V̂H(·)← 0
2: for h = H − 1, H − 2, . . . , 0 do
3: Λh ← λI +

∑K−1
τ=0 ϕ(s

τ
h, a

τ
h)ϕ(s

τ
h, a

τ
h)

T ▷ Design matrix
4: ŵh ← Λ−1

h

∑K−1
τ=0 ϕ(s

τ
h, a

τ
h)(r

τ
h + V̂h+1(s

τ
h+1)) ▷ Ridge regression

5: Γh(·, ·)← β ·
(
ϕ(·, ·)TΛ−1

h ϕ(·, ·)
)1/2

▷ Uncertainty
6: Q̂h(·, ·)← min{⟨ϕ(·, ·), ŵh⟩ − Γh(·, ·), H − h}+ ▷ Pessimistic clipping
7: π̂h(·)← argmaxa Q̂h(·, a) ▷ Optimization
8: V̂h(·)← Q̂h(·, π̂h(·)) ▷ Evaluation
9: end for

10: Output: Pess(D) = {π̂h}H−1
h=0

Algorithm: Linear PEVI

Ridge regression for the Bellman backup. At each step h, define the regularized design

matrix

Λh := λI +
K−1∑
τ=0

ϕ(sτh, a
τ
h)ϕ(s

τ
h, a

τ
h)

T, λ ≥ 1, (3)

and the ridge regression estimate of w⋆
h,Q̂h+1

:

ŵh := Λ−1
h

K−1∑
τ=0

ϕ(sτh, a
τ
h)
(
rτh + V̂h+1(s

τ
h+1)

)
, (4)

and, more generally, for any Q-function g define the empirical Bellman backup

(T̂hg)(s, a) := ϕ(s, a)TΛ−1
h

K−1∑
τ=0

ϕ(sτh, a
τ
h)
(
rτh + Vg(s

τ
h+1)

)
.

In particular, (T̂hQ̂h+1)(s, a) = ⟨ϕ(s, a), ŵh⟩.

Ellipsoidal penalty. The penalty function is the Mahalanobis norm:

Γh(s, a) := β ·
(
ϕ(s, a)TΛ−1

h ϕ(s, a)
)1/2

= β · ∥ϕ(s, a)∥Λ−1
h
, (5)

where β > 0 is a scaling parameter set below. This is the same form as the Lin-UCBVI bonus

from Lecture 11, but now it is subtracted from the estimate rather than added.
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PEVI for linear MDP:

Q̂h(s, a) =

 ⟨ϕ(s, a), ŵh⟩︸ ︷︷ ︸
ridge regression estimate

− β · ∥ϕ(s, a)∥Λ−1
h︸ ︷︷ ︸

ellipsoidal penalty


+

H−h

.

Lin-UCBVI vs. PEVI.

Lin-UCBVI (Lecture 11) PEVI (this lecture)

Data Adaptive online trajectories Fixed offline dataset

Regression target rh + V̂h+1(s
′) rh + V̂h+1(s

′)

Correction +β∥ϕ∥(Λk
h)

−1 −β∥ϕ∥Λ−1
h

Effect Encourages exploration Avoids uncertain regions

Performance term Bonuses along πk
Penalties along π⋆

Main Result

Theorem 2 (PEVI suboptimality for linear MDP). Suppose Assumption 1 holds and the
underlying MDP is a linear MDP (Definition 2). In Algorithm 1, set

λ = 1, β = c · dH
√
ζ, ζ = log(2dHK/ξ).

Then with probability at least 1− ξ, for any s0 ∈ S,

SubOpt
(
Pess(D); s0

)
≤ 2β

H−1∑
h=0

Eπ⋆

[(
ϕ(sh, ah)

TΛ−1
h ϕ(sh, ah)

)1/2 ∣∣∣ s0] . (6)

PEVI suboptimality (linear MDP):

SubOpt
(
Pess(D); s0

)
≤ Õ(dH) ·

H−1∑
h=0

Eπ⋆

[
∥ϕ(sh, ah)∥Λ−1

h

∣∣∣ s0] .
The bound depends on the penalty evaluated along π⋆

’s trajectory, with the design

matrix Λh determined by the dataset.
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Analysis of Linear PEVI

As in Lecture 11, the key step is a confidence bound for the linear Bellman backup. The

only extra issue is that the target V̂h+1 is fitted from the same offline dataset, so the usual

fixed-target ridge bound must be uniformized over the PEVI iterate class.

Proposition 3 (Fixed-target model confidence for linear PEVI). Fix h ∈ {0, . . . , H − 1} and a
deterministic stage-(h + 1) Q-function Q with VQ(·) ∈ [0, H − h − 1]. Under the conditions of
Theorem 2, with probability at least 1− ξ, simultaneously for all (s, a) ∈ S ×A,∣∣(T̂hQ)(s, a)− (ThQ)(s, a)

∣∣ ≤ β · ∥ϕ(s, a)∥Λ−1
h
.

Proof sketch. Fix h and first fix a deterministic stage-(h+ 1) Q-function Q. Write V := VQ
and ϕτ := ϕ(sτh, a

τ
h). By Bellman closure, there exists w⋆

h,Q ∈ Rd
such that

rh(s, a) +
(
P ⋆
hVQ

)
(s, a) = ⟨ϕ(s, a), w⋆

h,Q⟩, ∥w⋆
h,Q∥2 ≤ H

√
d.

Also define

ητ (Q) := VQ(s
τ
h+1)−

(
P ⋆
hVQ

)
(sτh, a

τ
h).

Then

rτh + VQ(s
τ
h+1) = rh(s

τ
h, a

τ
h) +

(
P ⋆
hVQ

)
(sτh, a

τ
h) + ητ (Q),

where {ϕτητ (Q)}K−1
τ=0 is a martingale difference sequence and |ητ (Q)| ≤ H . Since Λh =

λI +
∑K−1

τ=0 ϕτϕ
T
τ ,

(T̂hQ)(s, a)− (ThQ)(s, a)

= ϕ(s, a)TΛ−1
h

K−1∑
τ=0

ϕτητ (Q)− λϕ(s, a)TΛ−1
h w⋆

h,Q.

Hence, for every fixed Q,∣∣(T̂hQ)(s, a)− (ThQ)(s, a)
∣∣

≤ ∥ϕ(s, a)∥Λ−1
h

∥∥∥∥∥
K−1∑
τ=0

ϕτητ (Q)

∥∥∥∥∥
Λ−1
h

+ λ |ϕ(s, a)TΛ−1
h w⋆

h,Q|.

By a self-normalized bound (Abbasi-Yadkori et al., 2011),∥∥∥∥∥
K−1∑
τ=0

ϕτητ (Q)

∥∥∥∥∥
Λ−1
h

= O(H
√
dζ),
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and since Λh ⪰ λI ,

λ |ϕ(s, a)TΛ−1
h w⋆

h,Q| ≤
√
λ ∥w⋆

h,Q∥2 · ∥ϕ(s, a)∥Λ−1
h
≤ H
√
λd ∥ϕ(s, a)∥Λ−1

h
.

Therefore, ∣∣(T̂hQ)(s, a)− (ThQ)(s, a)
∣∣

≤ O(H
√
dζ +H

√
λd) · ∥ϕ(s, a)∥Λ−1

h
.

This proves the fixed-target bound.

Corollary 4 (Confidence for the PEVI iterate). Under the conditions of Theorem 2, with
probability at least 1− ξ, simultaneously for all h ∈ {0, . . . , H − 1} and all (s, a) ∈ S ×A,∣∣(T̂hQ̂h+1)(s, a)− (ThQ̂h+1)(s, a)

∣∣ ≤ β∥ϕ(s, a)∥Λ−1
h
.

External ingredient. Proposition 3 gives the bound for every fixed deterministic Q. To

instantiate it at the data-dependent PEVI iterate Q̂h+1, Jin et al. (2021) uniformize over an

ℓ∞-cover of the PEVI iterate class. The log-covering number is Õ(d2), which is absorbed by

the choice β = c dH
√
ζ.

Lemma 5 (Pointwise pessimism of Q̂). On the event of Corollary 4, simultaneously for all
h ∈ {0, . . . , H − 1} and all (s, a) ∈ S ×A,(

ThQ̂h+1

)
(s, a)− 2Γh(s, a) ≤ Q̂h(s, a) ≤

(
ThQ̂h+1

)
(s, a).

Equivalently,

0 ≤ (ThQ̂h+1)(s, a)− Q̂h(s, a) ≤ 2Γh(s, a) = 2β∥ϕ(s, a)∥Λ−1
h
.

Proof.
Q̂h(s, a) = min

{(
T̂hQ̂h+1

)
(s, a)− Γh(s, a), H − h

}+

.

By construction, V̂h+1(·) ∈ [0, H − h− 1], so

0 ≤ (ThQ̂h+1)(s, a) = rh(s, a) + P ⋆
h V̂h+1(s, a) ≤ H − h.

On the event of Corollary 4,(
ThQ̂h+1

)
(s, a)− 2Γh(s, a) ≤

(
T̂hQ̂h+1

)
(s, a)− Γh(s, a) ≤

(
ThQ̂h+1

)
(s, a) ≤ H − h.
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Therefore the upper truncation is inactive, and

Q̂h(s, a) = max
{(
T̂hQ̂h+1

)
(s, a)− Γh(s, a), 0

}
.

Using the display above together with 0 ≤ (ThQ̂h+1)(s, a), we obtain

Q̂h(s, a) ≤
(
ThQ̂h+1

)
(s, a),

because max{u, 0} ≤ x whenever u ≤ x and 0 ≤ x. Likewise,

Q̂h(s, a) ≥
(
T̂hQ̂h+1

)
(s, a)− Γh(s, a) ≥

(
ThQ̂h+1

)
(s, a)− 2Γh(s, a),

since max{u, 0} ≥ u. This proves the sandwich bound, and the equivalent Bellman-error

bound follows by rearranging.

Proof of Theorem 2. Let π̂ = Pess(D), and let E denote the event of Corollary 4. On E,

Lemma 5 yields pointwise control of the Bellman error:

0 ≤ (ThQ̂h+1)(s, a)− Q̂h(s, a) ≤ 2β∥ϕ(s, a)∥Λ−1
h
.

Now fix the dataset on the eventE, so that Q̂ and π̂ are deterministic functions and Lemma 1

applies directly. Lemma 1 gives

SubOpt(π̂; s0) =
H−1∑
h=0

Eπ̂

[
Q̂h(sh, ah)− (ThQ̂h+1)(sh, ah) | s0

]
+

H−1∑
h=0

Eπ⋆

[
(ThQ̂h+1)(sh, ah)− Q̂h(sh, ah) | s0

]
+

H−1∑
h=0

Eπ⋆

[
Q̂h(sh, π

⋆
h(sh))− Q̂h(sh, π̂h(sh)) | s0

]
.

We now bound the three terms on the right-hand side:

• Since π̂h(s) ∈ argmaxa Q̂h(s, a), we have

Q̂h(s, π
⋆
h(s))− Q̂h(s, π̂h(s)) ≤ 0 for every (h, s),

so the optimization error term (iii) is non-positive.
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• Since Q̂h(s, a)− (ThQ̂h+1)(s, a) ≤ 0 pointwise on E, the pessimism-controlled term

H−1∑
h=0

Eπ̂

[
Q̂h(sh, ah)− (ThQ̂h+1)(sh, ah) | s0

]
is also non-positive.

• Finally, using the upper bound

(ThQ̂h+1)(s, a)− Q̂h(s, a) ≤ 2β∥ϕ(s, a)∥Λ−1
h

pointwise on E and taking expectation along π⋆
yields

H−1∑
h=0

Eπ⋆

[
(ThQ̂h+1)(sh, ah)− Q̂h(sh, ah) | s0

]
≤

H−1∑
h=0

Eπ⋆

[
2β∥ϕ(sh, ah)∥Λ−1

h
| s0
]

= 2β
H−1∑
h=0

Eπ⋆

[
∥ϕ(sh, ah)∥Λ−1

h

∣∣∣ s0] .
Combining the three displays above, we obtain

SubOpt(π̂; s0) ≤ 2β
H−1∑
h=0

Eπ⋆

[
∥ϕ(sh, ah)∥Λ−1

h

∣∣∣ s0] .
Since Pr(E) ≥ 1− ξ by Corollary 4, the theorem follows.

How linear PEVI works.
1. The linear MDP structure turns the Bellman backup into a linear regression problem

in the same feature map ϕ used by Lin-UCBVI.

2. The ellipsoidal penalty β∥ϕ∥Λ−1
h

makes the estimated Q-function a lower bound on

the Bellman backup, so the pessimism-controlled term in Lemma 1 has the favorable

sign.

3. The remaining suboptimality is paid only along π⋆
’s trajectory. This is the offline

analog of “paying for the bonus” in Lecture 11, with the comparator trajectory

switching from the learned policy to the optimal policy.

The Oracle Property

A remarkable feature of the bound (6) is that the suboptimality only depends on how well

the dataset D covers the trajectory of π⋆
. We call this the oracle property: the algorithm

automatically adapts to the optimal policy, even though π⋆
is unknown.
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Illustration via tabular MDP. Consider the tabular MDP as a special case of the linear

MDP with ϕ(s, a) = e(s,a) ∈ RSA
(the one-hot encoding). Then

Λh = λI +
∑
τ

ϕτϕ
T
τ = diag(λ+Nh(s, a) : (s, a) ∈ S ×A) ,

where Nh(s, a) =
∑

τ 1{(sτh, aτh) = (s, a)} is the number of visits to (s, a) at step h. The

penalty becomes

Γh(s, a) =
β√

λ+Nh(s, a)
,

and the bound (6) specializes to

SubOpt ≤ 2β
H−1∑
h=0

Eπ⋆

[
1√

λ+Nh(sh, ah)

]
.

The suboptimality only depends on the counts Nh(s
⋆
h, a

⋆
h) along the optimal trajectory.

State-action pairs (s, a) that π⋆
never visits contribute zero to the bound, regardless of how

often (or rarely) they appear in the dataset.

Oracle property. Suppose the transition is deterministic, so π⋆
follows a unique trajectory

{(s⋆h, a⋆h)}H−1
h=0 . Then

SubOpt ≤
H−1∑
h=0

2β√
λ+Nh(s⋆h, a

⋆
h)
.

This depends only on how many times the dataset visits the states on π⋆
’s path. A

behavior policy πb
that visits many “wrong” states does not hurt; and a behavior policy

that focuses on the optimal trajectory leads to low suboptimality. Meanwhile, a state-

action pair (s◦, a◦) off π⋆
’s path—even one visited millions of times—does not affect the

bound at all.

This is analogous to local sample complexity: the difficulty of learning π⋆
depends on

the local coverage near π⋆
, not on global coverage.

Sufficient Coverage and Sample Complexity

To translate the data-dependent bound (6) into a sample complexity guarantee, we need to

quantify how well the dataset covers π⋆
’s trajectory.

Corollary 6 (Well-explored dataset). Suppose there exists c† > 0 such that the event

E† =
{
Λh ⪰ I + c† ·K · Eπ⋆

[
ϕ(sh, ah)ϕ(sh, ah)

T
∣∣ s0] for all h

}
holds with probability at least 1− ξ/2. Set λ = 1, β = c · dH

√
ζ, ζ = log(4dHK/ξ). Then with
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probability at least 1− ξ,

SubOpt
(
Pess(D); s0

)
≤ c′ · d3/2H2K−1/2

√
ζ,

where c′ depends only on c† and c.

Under stronger conditions on the behavior policy (e.g., λmin(Σh) ≥ c/d for all h, where

Σh = Eπb [ϕ(sh, ah)ϕ(sh, ah)
T]), Corollary 4.6 of Jin et al. (2021) shows that K = Õ(d3H4/ε2)

i.i.d. trajectories suffice for ε-suboptimality.

Information-Theoretic Lower Bound

PEVI’s suboptimality bound is minimax optimal in the linear MDP setting, as established

by the following information-theoretic lower bound. Recall that PD denotes the joint

distribution of the data collecting process.

Theorem 7 (Information-theoretic lower bound). There exists an absolute constant c > 0 such
that for the output Algo(D) of any algorithm, there exist a linear MDPM = (S,A, H, P ⋆, r), an
initial state s0, and a compliant dataset D such that

ED∼PD

 SubOpt(Algo(D); s0)∑H−1
h=0 Eπ⋆

[
∥ϕ(sh, ah)∥Λ−1

h

∣∣∣ s0]
 ≥ c.

Minimax optimality of PEVI: Up to the scaling parameter β = Õ(dH), the suboptimality

of PEVI (Theorem 2) matches the lower bound (Theorem 7). In other words, the data-

dependent quantity

∑
h Eπ⋆ [∥ϕ∥Λ−1

h
] is the fundamental statistical difficulty of the offline

RL problem in linear MDPs.

Beyond Pointwise Pessimism: Bellman-Consistent Pessimism

The linear PEVI analysis above relies on a pointwise penalty Γh(s, a) such that Q̂h ≤ ThQ̂h+1

at every state-action pair. In structured settings such as tabular and linear MDPs, these

penalties can be written explicitly. For general function approximation, however, no

comparable closed-form pointwise penalty is available.

This mirrors online RL (Lecture 11): pointwise bonuses work for tabular (UCBVI) and

linear (Lin-UCBVI) MDPs, but Golf uses global optimism for general function classes. We

now develop the offline analog: Bellman-consistent pessimism (BCP) (Xie et al., 2021).
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Pointwise vs. global pessimism (cf. Lecture 11).

Pointwise pessimism (PEVI) Global pessimism (BCP)

Goal Q̂h ≤ (ThQ̂h+1) for all (s, a, h) Pessimistic evaluation at s0

Mechanism Subtract penalty Γh(s, a) Version space + min

Scope Requires closed-form penalty General F

Online analog UCBVI / Lin-UCBVI Golf

Setup

We now switch notation and follow the discounted infinite-horizon framework of Xie et al.

(2021): an MDP (S,A, P, R, γ, s0) with discount factor γ ∈ [0, 1), transition P : S × A →
∆(S), reward R : S × A → [0, Rmax], and value bound Vmax = Rmax/(1 − γ). We write

J(π) = V π(s0) for the performance of policy π, and f(s0, π) :=
∑

a f(s0, a)π(a | s0) for a

function f evaluated under a (possibly stochastic) policy. The policy-specific Bellman

operator and transition operator are

(T πf)(s, a) = R(s, a) + γ (Pπf)(s, a), (Pπf)(s, a) = Es′∼P (·|s,a)
[
f(s′, π(s′))

]
.

Discounted Bellman equation (used in the BCP section):

Qπ = T πQπ, equivalently Qπ(s, a) = R(s, a) + γ (PπQπ)(s, a).

The discounted state-action occupancy is dπ(s, a) = (1− γ)
∑∞

t=0 γ
t Pr(st = s, at = a | s0, π).

The offline dataset D = {(si, ai, ri, s′i)}ni=1 consists of n i.i.d. tuples: (s, a) ∼ µ, r = R(s, a),

s′ ∼ P (· | s, a), for a data distribution µ over S × A. We write ∥g∥22,ν = Eν [g(s, a)
2] for the

ν-weighted L2
norm.

We are given a finite value-function class F ⊂ (S × A → [0, Vmax]) and policy class Π.

For clarity, we present the theory under exact realizability and completeness; the full

result in Xie et al. (2021) handles approximate versions of both assumptions (with errors

εF , εF ,F ≥ 0) and decomposes the bound into on-support and off-support errors that

automatically adapt to the best bias-variance tradeoff.

Assumption 2 (Realizability). Qπ ∈ F for all π ∈ Π.

Assumption 3 (Completeness). T πf ∈ F for all π ∈ Π and f ∈ F .

16 Last updated: April 11, 2026



Mathematical Principles of Reinforcement Learning Tengyang Xie

Definition 3 (Distribution shift coefficient).

C(ν;µ,F , π) := max
f∈F

(
Eν [|f − T πf |]

)2
Eµ[(f − T πf)2]

.

This is the performance-relevant shift coefficient for our proof: it measures how well squared

Bellman error under µ (data) controls average Bellman error under ν (target). When

C(dπ;µ,F , π) ≤ C2, any function with small Bellman error on the data also has small

average Bellman error along π’s trajectory.

Remark 1 (Relation to density ratio and covariance shift). This is the weakest coefficient needed
here, because Lemma 11 reduces performance to the average Bellman error Edπ [|f − T πf |]. If the
Bellman-error class GF ,π := {f − T πf : f ∈ F} is linear in some feature map ψ, say g = ⟨ψ,w⟩,
then

C(ν;µ,F , π) ≤ sup
w ̸=0

(
Eν [|⟨ψ,w⟩|]

)2
wTΣµw

, Σµ = Eµ[ψψ
T].

Indeed, each f ∈ F induces some g = f − T πf ∈ GF ,π, and by linearity g = ⟨ψ,w⟩ for some w.
Moreover,

Eµ[g
2] = Eµ[⟨ψ,w⟩2] = wTΣµw.

Substituting this into Definition 3 gives the displayed upper bound. Moreover,

sup
w ̸=0

(
Eν [|⟨ψ,w⟩|]

)2
wTΣµw

= sup
w ̸=0

(
Eν

[ |⟨ψ,w⟩|√
wTΣµw

])2
= sup

w ̸=0

(
Eν

[∣∣∣〈Σ−1/2
µ ψ,

Σ
1/2
µ w√
wTΣµw

〉∣∣∣])2
≤ sup

w ̸=0

(
Eν

[
∥ψ∥Σ−1

µ
·
∥∥∥ Σ

1/2
µ w√
wTΣµw

∥∥∥
2

])2
= sup

w ̸=0

(
Eν [∥ψ∥Σ−1

µ
]
)2

=
(
Eν [∥ψ∥Σ−1

µ
]
)2
,

Here the inequality is Cauchy–Schwarz, and the penultimate equality uses that the second factor has
unit norm. Thus this current form is weaker than the PEVI-style average local uncertainty. A
simpler sufficient condition is

Σν ⪯ CΣµ, Σν = Eν [ψψ
T], Σµ = Eµ[ψψ

T].
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Indeed, for any w, (
Eν [|⟨ψ,w⟩|]

)2 ≤ Eν [⟨ψ,w⟩2] = wTΣνw ≤ C wTΣµw.

Finally, the raw density ratio bound ∥ν/µ∥∞ ≤ C is an even stronger pointwise sufficient condition.

Algorithm: Pessimistic Policy Selection

Bellman consistency score. For f, f ′ ∈ F and π ∈ Π, define

L(f ′, f, π;D) = 1

n

n∑
i=1

(
f ′(si, ai)− ri − γf(s′i, π(s′i))

)2
,

and the Bellman consistency score:

E(f, π;D) := L(f, f, π;D)− min
f ′∈F
L(f ′, f, π;D). (7)

Version space and pessimistic selection. The version space is Fπ,ε := {f ∈ F :

E(f, π;D) ≤ ε}, and BCP selects

π̂ = argmax
π∈Π

min
f∈Fπ,ε

f(s0, π). (8)

BCP: For each π, pessimistically evaluate it as minf∈Fπ,ε f(s0, π); then select the π with

the highest pessimistic value.

BCP vs. Golf. BCP is the offline mirror of Golf (Lecture 11). Golf selects the most

optimistic f in a confidence set; BCP selects the most pessimistic evaluation of each policy.

Both use Bellman-error-based version sets, replacing pointwise bonuses/penalties with

a global selection principle.

Analysis of BCP

The analysis uses four ingredients: (1) show that the version space contains Qπ
(so the

pessimistic estimate lower-bounds J(π)), (2) show that every function in the version space

has small Bellman error under µ, (3) use a simulation lemma to express J(π)− f(s0, π) as

an average Bellman error along dπ, and (4) transfer that Bellman error from dπ back to µ

via C. Throughout, let L := log(|F||Π|/δ).

Step 1: Version space containment.
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Lemma 8 (Version space containment). Under Assumptions 2–3, setting ε = εr := c V 2
maxL/n

for a sufficiently large constant c, we have with probability at least 1− δ:

Qπ ∈ Fπ,εr for all π ∈ Π.

Previously established fast-rate ingredient. This is the same squared-loss Bernstein fast-rate

argument already used in Lecture 8 (“Fast Rate via Bernstein’s Inequality”), which was

presented there as the policy-evaluation analogue of the Lecture 7 fitted Q-iteration

argument. For a fixed policy π, the score E(f, π;D) is an empirical excess squared loss, and

Qπ
is the population minimizer because Qπ = T πQπ

by realizability. The same Y -variable

trick, self-bounding variance bound, and Bernstein inequality from Lecture 8 therefore

yield the fast rate

E(Qπ, π;D) ≤ c V 2
max

L

n

simultaneously for all π ∈ Π with probability at least 1− δ. Hence Qπ ∈ Fπ,εr for all π.

Step 2: Bellman error control for version space members.

Lemma 9 (Bellman error bound). Under Assumptions 2–3, on the same high-probability event,
for all f ∈ Fπ,εr :

Eµ[(f − T πf)2] ≤ c22 V
2
maxL/n.

Previously established fast-rate ingredient. Again, this is the same operator-agnostic squared-

loss fast-rate template from Lectures 7 and 8. For any fixed f ∈ Fπ,εr , completeness gives

g = T πf ∈ F , and the version-space condition says that the empirical excess loss of f

relative to the Bellman target g is at most εr. Applying the same self-bounding Bernstein

argument as in Lecture 8 to this excess loss yields Eµ[(f − T πf)2] ≤ c22 V
2
maxL/n.

Step 3: Bellman error to decision loss. This is exactly the Performance Difference Identity

from Lecture 6, specialized to the policy-specific operator T π
and the point-mass initial

distribution at s0.

Lemma 10 (Bellman error to decision loss). For any g : S ×A → R and any policy π:

g(s0, π)− J(π) =
1

1− γ
Edπ [g(s, a)− (T πg)(s, a)] .

Proof. Since (T πg)(s, a) = R(s, a) + γ (Pπg)(s, a), we have

1

1− γ
Edπ [g − T πg] =

1

1− γ
Edπ [g −R− γ Pπg].
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Using dπ(s, a) = (1− γ)
∑∞

t=0 γ
td

(t)
π (s, a) where d

(t)
π is the step-t occupancy, this becomes

∞∑
t=0

γt
(
E

d
(t)
π
[g]− E

d
(t)
π
[R]− γ E

d
(t+1)
π

[g]
)
.

The g-terms telescope to E
d
(0)
π
[g] = g(s0, π), while the reward terms sum to J(π). Hence

1

1− γ
Edπ [g − T πg] = g(s0, π)− J(π).

Step 4: From pessimism to Bellman error. Compared with the Bellman-error-to-decision-

loss lemmas from Lectures 6 and 7, BCP only needs the comparator-side Bellman error:

pessimistic selection already replaces the learned-policy-side term.

For a comparator policy π, let

fπ,min := argmin
f∈Fπ,εr

f(s0, π),

which is well-defined on the event of Lemma 8 because Qπ ∈ Fπ,εr .

Lemma 11 (Pessimism reduces suboptimality to Bellman error). On the event of Lemma 8,
for any comparator π ∈ Π:

J(π)− J(π̂) ≤ 1

1− γ
Edπ

[
T πfπ,min − fπ,min

]
≤ 1

1− γ
Edπ

[
|fπ,min − T πfπ,min|

]
.

Proof. Since Qπ̂ ∈ Fπ̂,εr (Lemma 8),

J(π̂) = Qπ̂(s0, π̂) ≥ min
f∈Fπ̂,εr

f(s0, π̂).

By the optimality of π̂ in (8),

min
f∈Fπ̂,εr

f(s0, π̂) ≥ min
f∈Fπ,εr

f(s0, π) = fπ,min(s0, π).

Therefore,

J(π)− J(π̂) ≤ Qπ(s0, π)− fπ,min(s0, π).

Applying Lemma 10 with g = fπ,min gives

fπ,min(s0, π)− J(π) =
1

1− γ
Edπ

[
fπ,min − T πfπ,min

]
.
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Rearranging yields

J(π)− fπ,min(s0, π) =
1

1− γ
Edπ

[
T πfπ,min − fπ,min

]
.

Combining with the previous display, we obtain

J(π)− J(π̂) ≤ 1

1− γ
Edπ

[
T πfπ,min − fπ,min

]
.

The final inequality follows from the triangle inequality.

Main Result

Theorem 12 (BCP suboptimality). Under Assumptions 2–3, let π̂ be the output of (8) with
ε = εr = c V 2

maxL/n and L = log(|F||Π|/δ). For any comparator π ∈ Π with C(dπ;µ,F , π) ≤ C2,
with probability at least 1− δ:

J(π)− J(π̂) ≤ O

(
Vmax

√
C2

1− γ

√
L

n

)
.

Proof. On the event of Lemma 8, the function fπ,min belongs to Fπ,εr , so Lemma 11 gives

J(π)− J(π̂) ≤ 1

1− γ
Edπ

[
|fπ,min − T πfπ,min|

]
.

By the definition of C,

Edπ

[
|fπ,min − T πfπ,min|

]
≤
√
C(dπ;µ,F , π) · Eµ[(fπ,min − T πfπ,min)2] ≤ c2

√
C2 Vmax

√
L/n,

where the last step uses Lemma 9. Combining the two displays completes the proof.

BCP suboptimality (exact realizability + completeness):

J(π)− J(π̂) ≤ O

(
Vmax

√
C2

1− γ

√
log(|F||Π|/δ)

n

)
when C(dπ;µ,F , π) ≤ C2.
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Key features of BCP.
• No explicit density ratio. BCP requires only the function-class-aware distribution

shift coefficient C, not the crude density ratio ∥dπ/µ∥∞.

• Bounded degradation. Setting π = πb (behavior policy) with µ = dπb
gives C = 1,

and J(πb) − J(π̂) ≤ Õ
(
Vmax

1−γ

√
1/n
)
: BCP is competitive with the data-collecting

policy.

• Competing with π⋆. Setting π = π⋆
recovers J(π⋆)−J(π̂) ≤ Õ

(
Vmax

√
C2

1−γ

√
1/n
)

under

C(dπ⋆ ;µ,F , π⋆) ≤ C2.

• Adaptive bias-variance tradeoff. The general Theorem 3.1 in Xie et al. (2021) allows

approximate realizability (εF > 0) and completeness (εF ,F > 0), and decomposes

the bound into on-support and off-support errors; the algorithm automatically

adapts to the best decomposition.

A Remark on Computation

The constrained BCP selection (8) is stated as argmaxπ∈Π minf∈Fπ,ε f(s0, π), which is

information-theoretic in nature—a direct implementation would search over Π and, for

each π, solve a constrained minimization over F . It is worth contrasting this with the

online setting.

22 Last updated: April 11, 2026



Mathematical Principles of Reinforcement Learning Tengyang Xie

Online vs. offline computation. The main contrast is not that online RL is impossible

while offline RL is easy. Rather, in our current theory line, online methods with general

function approximation are primarily value-based and centered on the Bellman optimality
operator T . As discussed in Lecture 8, the maxa′∈A inside T makes Bellman-error

minimization a moving-target, non-convex problem. By contrast, Bellman-consistent

pessimism is naturally paired with more policy-based relaxations: for a fixed policy π, the

critic uses the policy-specific operator T π
, so the inner Bellman-consistency objective is

a regression problem rather than an optimization involving the maxa nonlinearity.

On top of this critic, one can then use standard policy-optimization primitives:

• PSPI (Section 4 of Xie et al., 2021) replaces (8) by a regularized objective and updates

the actor via policy mirror descent / soft policy iteration (cf. Lecture 10).

• ATAC (Cheng et al., 2022) is a later actor–critic style implementation of offline

pessimism based on adversarially trained critics.

This computational gap is further amplified by exploration: online optimism must

couple value estimation with data collection (cf. Golf in Lecture 11), whereas offline

pessimism works with a fixed dataset and can be implemented through a regression-

plus-policy-optimization loop.

The sample-complexity rates currently achieved by these implementable algorithms are

not known to match the information-theoretic rate of (8), so we state no specific bound

here; see the respective papers for the precise guarantees.

Summary

Summary of offline RL guarantees:

Algorithm Suboptimality Key Technique

Naive greedy Can be Ω(H) (term (i) uncontrolled) No pessimism

PEVI (linear) Õ(dH) ·
∑

h Eπ⋆ [∥ϕ∥Λ−1 ] Ellipsoidal penalty

BCP (general FA) O
(
Vmax

√
C2

1−γ

√
log |F||Π|

n

)
Version space

Lower bound Ω
(∑

h Eπ⋆ [∥ϕ∥Λ−1 ]
)

Info-theoretic
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Online vs. Offline RL:

Online RL (Lec 11) Offline RL (this lecture)

Data Adaptive (agent explores) Fixed dataset (no interaction)

Principle Optimism Pessimism

Q-update Q̂ = T̂ V̂ + bonus Q̂ = T̂ V̂ − penalty

Effect Explores uncertain regions Avoids uncertain regions

Perf. depends on Bonuses along learned policy Penalties along optimal policy

General FA Golf: global optimism BCP: global pessimism

Key takeaways.
• Offline RL is fundamentally different from online RL: without the ability to collect

new data, the agent cannot explore, and optimism can be catastrophically wrong.

• The pessimism principle resolves this by penalizing uncertain state-action pairs,

ensuring the learned policy avoids regions where the dataset provides insufficient

coverage.

• The suboptimality decomposition (Lemma 1) reveals three sources of error: the

pessimism-controlled term, the optimism-controlled term, and the optimization

error. Pessimism eliminates the pessimism-controlled term, leaving only the

optimism-controlled term.

• PEVI achieves minimax optimal suboptimality for linear MDPs, with a data-dependent

bound that exhibits the oracle property: the suboptimality depends only on coverage

of the optimal policy’s trajectory.

• Bellman-consistent pessimism (BCP) extends the pessimism principle to general

function approximation via version spaces, paralleling the Golf algorithm’s exten-

sion of optimism in the online setting.

• The online-offline duality is remarkably clean: the same mathematical objects

(bonus = penalty, confidence set = version space, optimism = pessimism) appear in

both settings with only a sign change. Understanding one setting deeply illuminates

the other.
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