Mathematical Principles of Reinforcement Learning Tengyang Xie

Lecture 6: Tabular Analysis

From Planning to Learning

Having developed planning algorithms (Lectures 1-4) and concentration tools (Lecture 5),
we now analyze how well we can learn near-optimal policies from finite data in the
tabular setting. We study the certainty-equivalence method, a natural model-based RL
algorithm, and derive four increasingly sophisticated sample complexity bounds that
illustrate fundamental tradeoffs between state-space size and effective horizon.

The Central Question: Given n samples per state-action pair, how close is the optimal
policy of the estimated MDP to the true optimal policy? We measure closeness by
Vie(s) — Vj\?ﬁ(s)—the suboptimality when deploying the learned policy in the true
environment. As we will see, different proof techniques yield bounds with different
tradeoffs between the dependence on |S|and 1/(1 — 7).

The Certainty-Equivalence Algorithm

Certainty-equivalence is a model-based RL algorithm. The idea is simple: (1) estimate an
MDP model from data, then (2) compute the optimal policy in the estimated model as if it
were the true model.

Data Collection

We assume access to a generative model (also called a simulator): for any state-action pair
(s,a) € S x A, we can query the environment and receive an independent sample (r, s’)
where r ~ R(s,a) and s’ ~ P(- | s,a).

Given a dataset D (which could come from trajectories or from the generative model), we
convert it into a bag of (s, a,r, s’) tuples. For every s € S and a € A, define:

Do :=A{(r,s): (s,a,r, ) € D},

the subset of tuples where the state is s and the action is a. We write n(s, a) = |D;,| for the
number of samples at each state-action pair.

For simplicity, we assume a balanced data collection: n(s,a) = nforall (s,a) € S x A. The
total number of samples is thus n - |S| - | A].
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Model Estimation

The certainty-equivalence model estimates the transition and reward functions by their
empirical averages.

Definition 1 (Certainty-Equivalence Model). Given datasets { D; .} ses.qac.a, define the estimated
MDP M = (S, A, ]3, ﬁ, ) where:

Estimated transition:

Estimated reward:

In words, P(s' | s,a) is the empirical frequency of observing s’ after taking action a in state s,
and R(s, a) is the average observed reward. These are the maximum likelihood estimates of the
transition and reward functions.

Remark 1. We need n(s,a) > 0 for every (s, a) to ensure ﬁ( | s,a) is a well-defined probability
distribution. The generative model assumption guarantees this by allowing us to query any (s, a)
pair.

The Algorithm

The complete certainty-equivalence algorithm is:

1. Collect data: For every (s,a) € S x A, collect n i.i.d. samples from P(- | s,a) and
R(s,a).

2. Estimate model: Compute P and R as above.

3. Plan in estimated model: Solve for the optimal policy 7% of M (e.g., via Value
Iteration or Policy Iteration).

4. Deploy: Execute 7% in the true MDP M.
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Model-Based vs. Value-Based: Certainty-equivalence explicitly stores an estimated
MDP model, which requires O(|S|?|.A|) space (for the transition matrix) and has a batch
nature. In contrast, value-based methods such as Q-learning and SARSA store only
Q-value functions (O(|S||.A|) space) and can operate online. Value-based methods are
typically less sample-efficient than model-based methods in the tabular setting, but they
are easier to combine with function approximation (e.g., deep neural networks), which
has led to many empirical successes.

Analysis Setup and Goals

We analyze the certainty-equivalence algorithm under the following assumptions:
* Generative model: For each (s,a) € S x A, we collect n i.i.d. samples.
* Bounded rewards: R(s,a) € [0, Ry for all (s, a).
e Discount factor: v € (0, 1).
Define Viyax := Rmax/(1 — ), the maximum possible value. Our goal is to derive high-

probability bounds on the suboptimality of %

Vi(s) = Vidi(s),  VseS,

as a function of n, |S|, | 4|, and 1/(1 — 7).

We present four different analyses, each highlighting a different proof technique and
achieving a different tradeoff:

Analysis Bound (ignoring 0) Key Technique
. |S’ : Vmax . .
I: Naive T Entry-wise Hoeffdin
Vil —7) Y &
V |S| ' Vmax .
II: Improved - {, concentration
’ V(1 =) 1
V.
III: No |S e Contraction
8 Tl — )
Vi
IV: Best of both — == Bellman residual (large n)
Vil —7) &

Throughout this lecture, O(-) suppresses poly-logarithmic factors in |S|, |.A|, and 1/5. We
state bounds in terms of Vjyax = Rmax/(1 — ) and focus on the polynomial dependences
on |S|,n,and 1/(1 — 7).
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Key Analytical Tools

Before diving into the analyses, we develop three key lemmas that are used across all the
analyses.

The Simulation Lemma

The Simulation Lemma bounds how much a policy’s value changes when we evaluate it in
a different MDP. This is the main workhorse for translating model estimation errors into
value function errors.

Lemma 1 (Simulation Lemma'). Let M = (S, A, P, R, ) and M = (S, A, ]3, }A%, ) be two

MDPs sharing the same state space, action space, and discount factor. Suppose

max |R(s,a) — R(s,a)| <ep  and  max||P(-|s,a) — P(- | s,a)|, < ep.

S,a

Then for any policy m: S — A,

ER Y€ P Vinax
VA — Vil oo ,

where Vipax := Ruax/(1 — 7).

Proof. For any state s € S, by the Bellman equations in the two MDPs:

[Vir(s) = Vi (s)]

= Iﬁ (s,m(s)) + < ( m(s)), Vip) — R(s,m(s)) = v(P(s,7(s)), Vi)

= |(R(s,7(s)) — R(s,m(s))) + < )) P(s,7(s)), Vi) +(P(s,7(s)), Vi = Vip) |
IR s,7m(s)) — R(s, (s))| ++|(P — P(s,m(s)), Vi) | + 7 [{P(s,7(s)), Vi; — Vi)

<er+7|(P(s, (s )) P(s,7(s)) \+7I|VA—VAZIIW

where (P(s,a), V) = >_, P(s'[s,a)V(s'). Thesecond line adds and subtracts y(P(s, 7(s)), VZ),
the third uses the triangle inequality, and the fourth uses |R(s,7(s)) — R(s,7(s))| < eg and
[(P(s,m(s)), VE = Vip| < [[VE — Vil (since P(s, m(s)) is a probability distribution).

The key step is the centering trick: since both ]3(3, 7(s)) and P(s,7(s)) are valid probability
distributions (each sums to 1), their difference sums to zero: (P(s, (s)) — P(s, x(s)), 1) = 0.

'Due to Kearns and Singh (2002).

4 Last updated: February 15, 2026



Mathematical Principles of Reinforcement Learning Tengyang Xie

Therefore, for any constant c,

(P(s,m(s)) — P(s,m(s)), V&) = (P(s,7(s)) — P(s,7(s)), V& — c- 1).

Choosing ¢ = Vj,ax/2 to center the range of Vj\% around the origin (since Vz\% € [0, Vinax]), we
get ||V]% — % 1|0 < Vinax/2. By Holder’s inequality:

(s, m(s)) = P(s, 7(s)), V& — Y - 1)| < | B(s, 7(s)) — P(s,w(s)ll1 - [IVE — Yo - 1)

M 2
S ep - Vmax‘
2
Putting it together:
™ ™ '-YEPVmax ™ ™
Vir(s) = Vi (o) < er + —5— + (Vi = Villlloo-

Since this holds for all s € S, taking the /.,-norm on the left-hand side:

YEP Vmax
2

Vi = Vitllo < er+ + Vi = Viillse:

Rearranging (1 — 7)[|VE — Vil < er+ LepVmax oives the result. O

The Centering Trick: The trick of subtracting Yuex . 1 is crucial. Without it, Holder’s
inequality would give |1P— P - [VE |l < €p - Vinax- The centering reduces the effective
range by a factor of 2, exploiting the fact that the difference of two probability distributions
sums to zero. This seemingly small improvement matters when the bound is propagated

through the analysis.

Alternative Proof via Performance Difference

We now sketch an alternative and more “modern” proof of the Simulation Lemma using
the performance difference identity, which is a powerful tool that will reappear later.

Lemma 2 (Performance Difference Identity). For any function f € RS*A any initial state
distribution dy € A(S), and any policy =, let d™ € A(S x A) be the discounted state-action
occupancy induced by 7 from dy:

d"(s,a) = (1—7) Z”yt Pr(s; = s,a; = a | m,dp).

t=0
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Then:

Bodo.anrl f(5,0)] = (M) = 37— Foaar [£(s,a) = R(s,a) = 1Eynp(isa)lf(s',7(s))]],
where J(m) = Egwg, [V ()]

Proof sketch. Let df denote the distribution of (s;, a;) under 7 starting from d,. Note that
J(m) = ﬁE(sva%d” [R(s,a)], so the terms involving R can be canceled from both sides. The
remaining terms are:

1 oo
—,_Y]E(s,a)wcl”,s’wp(-\s,a) [f(S, CL) - ’.Yf(S,? W(S/)ﬂ = ZfytE(s,a)Nd?,s’NP,a’Nﬂ'[f($> a) - Vf(sla CZ/)].

o =0

The key observation is a telescoping: the vf(s',a’) term at time ¢ cancels with the f(s,a)
term at time ¢ + 1, because (s, a’) at time ¢ has the same distribution df; as (s, a) at time
t + 1, with the discount factor accounting for the v multiplier. After cancellation, only the
first term E(, o)~az [f (5, @)] = Esndy,a~rlf (5, a)] survives. O

To prove the Simulation Lemma using this identity, set f = QT and choose dj as the
point mass on any state so. For the left-hand side: Es.4y,0~x[f(5,0)] = QT(50,7(s0)) =
VZ(50), and J(m) = Vyj(so). For the right-hand side, we substitute f = Q% (noting that
f(s',m(s")) :AQ%(S/, W(s’A)) = VZ(s')) ar,lii then expand Q7(s, ) via its Bellman equation
Q= (s,a) = R(s,a) +(P(s,), V&) in I

1

V]\%(So) — Vir(so) = EE(s,a)wd” [Q%(& a) — R(s,a) —v(P(s,a), V]\%”
1 ~ ~
= —V]E(s,a)wd” [R(Sa Cl) + 7<P(87 a)? Vf\}) - R(37 Cl) - 7<P<37 a) V/ﬂ-\>] :

P M

The rest of the proof then bounds each term similarly to the original proof.

From Evaluation Error to Decision Loss

The Simulation Lemma bounds the policy evaluation error |V — V||, but we ultimately
care about the suboptimality of the learned policy 7%-. The following lemma makes the
connection.

Lemma 3 (Evaluation Error to Decision Loss). For any s € S:
Vir(s) = Vi (s) <2 sup [V = Vil
mS—A
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Proof. For any s € S:

Vir(s) = Vi () = Vi () = VI () + ViR () = Vi ()

< Vi (s) = VEM () + VI (5) = Vo (s)

< WV = Villoe + Ve = Vi
> M a7 Moo 78 M loo-
The second line uses the fact that 7% maximizes V, so VA%’*” (s) < V]%ﬁ (s). O

Intuition: The suboptimality of 7% is bounded by how much the estimated model
distorts the value of any policy. The factor of 2 arises because there are two sources of
error: (1) 7y, may appear worse in M than it actually is, and (2) 7% may appear better in

M than it actually is.

Analysis I: Naive Bound

We now combine the Simulation Lemma with basic concentration inequalities (Lecture 5)
to obtain our first sample complexity bound.

Concentration of the Estimated Model
By Hoeffding’s inequality (Corollary 4 from Lecture 5) and the union bound:
Reward estimation. Each fi(s, a) is the average of n i.i.d. random variables in [0, Ryax]-

By Hoeffding’s inequality and a union bound over all |S| - | A| pairs, with probability at
least 1 — 0/2:

1 ASIA

5, 108 —5— (1)

max |§(s, a) — R(s,a)| < Rmax\/

s,a

Transition estimation (entry-wise). For each fixed (s, q, s'), the quantity ﬁ(s’ |s,a) is
the average of n i.i.d. Bernoulli random variables with mean P(s'|s,a). By Hoeffding’s
inequality and a union bound over all |S| - | A - |S| triples, with probability at least 1 — §/2:

A4S Al

; @

~ 1
max |P(s|s,a) — P(s|s,a)] < \/2— log
n

s,a,s’

From /., to ¢;. To apply the Simulation Lemma, we need an ¢; bound on P (s,a) — P(s,a).
The naive approach converts the entry-wise bound (2) to an ¢; bound by summing over |S|
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entries:

4|52 A|
5

~ ~ 1
ma 1P(5.0) — P a)ly <181 max | Ps,0) ~ Pl )l < 181/ o 1o 1T g

Where the |S| Factor Comes From: The conversion from /., to ¢; introduces a factor of
S| (since ||v||; < |S]| - ||v]|o for v € RIS, This is the main source of looseness in the naive
analysis.

Putting It Together

Setting ep = Rumax\/ 3 10g % and ep = |S| - /5 log %, the Simulation Lemma
(Lemma 1) gives:
€R 75PVmax

—’y+2(1—7)'

IV = Viillo < -

The dominant term (for large |S|) is the transition estimation error:

vePVmax _ NS Vinax \/ 1, ASPA]

21-7) 20— V2 %" 5

Combining with Lemma 3:
Analysis I Result:

|S| : Vmax

m) Vs €S.

Vii(s) = Vi () = O

Sample complexity. To achieve e-suboptimality, we need

N 2. 1/2 N 2 2
n = O |S| Vmax — O |S| Rmax
e2(1—9)? e?(1—n)*

samples per state-action pair.

Analysis II: Improved State-Space Dependence

The previous analysis bounded the ¢, error of P(s,a) — P(s,a) by first bounding each entry
in /., and then multiplying by |S|. This is loose because it ignores the correlations between
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the entries (they must sum to zero since both P and P are probability distributions). We
now prove a tighter direct ¢; concentration bound for multinomial distributions.

¢, Concentration via Signed Vectors
The key observation is the following variational characterization of the ¢, norm:

Lemma 4 (¢; Norm as Supremum). For any vector v € RIS

[o]h = sup w'w.
ue{—1,1}I5l
Proof. By choosing u; = sign(v;) for each i, we achieve u'v = > |v;| = |Jv]|;. Conversely,
u'v=">uv; <3, vy = ||v]|; forany u € {1, 1}1S1. O

Strategy. For each fixed (s, a), the empirical transition P(s,a) is the average of n ii.d.
random vectors ey, ..., ey (unit vectors), each with mean P(s,a). For any fixed u €
{—1,1}!5], the projection uTﬁ(s, a) is the average of i.i.d. scalar random variables u'e,
taking values in {—1, 1}, and thus has bounded range [—1, 1].

By Hoeffding’s inequality, for each fixed (s, a) and u € {—1, 1}!S|, with probability at least

1—0"
u (P(s,a) — P(s,a)) < \/ %log%. 4)

Here we use the one-sided Hoeffding bound: Pr(u’ (P — P) > t) < exp(—2nt?/4), where
the range is R = 1 — (—1) = 2. Setting the RHS to ¢’ and solving gives ¢ = /2 log 5.

Taking a union bound over all (s,a) € S x A and all u € {-1,1}¥/, and choosing
&' = 4/(2|S||A| - 2191), we obtain that with probability at least 1 — §/2:

~ ~ . 218
max ||P(s,a) — P(s,a)|; = max max u' (P(s,a)—P(s,a)) < \/2 log M 5)
s,a n

8,0 ue{—1,1}8I )

Improvement: The naive bound (3) gives |1P(s,a) — P(s,a)|l; = O(|S| - n=/2), while the
direct ¢, bound (5) gives O( /|S|/n). The improvement from |S| to /|S| comes from two
sources: (1) the projection u" P(s, a) concentrates at the scalar rate O(1/y/n) regardless
of the dimension, and (2) the union bound over 2! choices of u only contributes an
additive |S| - log 2 inside the logarithm.

9 Last updated: February 15, 2026



Mathematical Principles of Reinforcement Learning Tengyang Xie

Remark 2. A tiny improvement: for uw = =£1 (the all-ones or all-negative-ones vector), uT(lB (s,a)—
P(s,a)) = £, P(s'|s,a)=>_, P(s'|s,a)) = 0exactly (since both are probability distributions).
So we can exclude u = +1 from the union bound, replacing 21! with 215! — 2.

Propagating the Improvement

Substituting the improved ¢; bound into the Simulation Lemma and following the same
steps as Analysis I:

Analysis II Result:

Vi(s) = Vidi(s) = O (%) . Vses.

The dependence on state-space size improves from |S| to 1/|S|, with no change in the
horizon dependence 1/(1 — 7).

Analysis III: Removing State-Space Dependence

The previous two analyses worked with the Simulation Lemma, which bounds the policy
evaluation error ||VZ — Vi || for every policy m, and then uses Lemma 3 to convert this to
suboptimality. We now take a fundamentally different approach: instead of comparing V'™
across models, we directly compare the optimal Q-value functions Q% and Q7.

Contraction Bound

The starting point is the following observation, which uses the contraction property of the
Bellman optimality operator.

Lemma 5 (Contraction Bound). Let T3; denote the Bellman optimality operator in M. Then:

* * 1 * *
195 = @illoe = =10 = Tir@iull (6)
Proof. Since Q% is the fixed point of Tg;:

1Q% = @urlloe = 1T7Q7% — TiiQh + TirQ — Qhllo
< 1 T5Q% — Tir@ulloo + 1T57@Q0 — Qi ll
<1Q% — Quulloo + 1 T57Q% — Qislloo,

where the last step uses the y-contraction property of 73;. Rearranging gives the result. [
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Why @7, and 75;? A natural alternative is to swap the roles: bound [|Q% — @}/l <
= 1Q% — Tu@Q% |l The RHS is the Bellman residual of Q% in the true MDP M—a
standard notion. However, this version has a subtle problem: Q*]\7 is data-dependent, so
we cannot directly apply Hoeffding’s inequality to bound it. In contrast, in Eq. (6), the

term 75;Q3, involves 3, which is deterministic (it depends only on the true MDP). This
makes the concentration analysis straightforward, as we show next.

*

Concentration of 7;Q7,

The key lemma shows that each entry of 7—Q%, concentrates around the correspondin
Yy y MY M P g

entry of Qy; = Tu Q-

Lemma 6 (Concentration via Combined Samples). For any fixed s € S, a € A, with probability
at least 1 — §:

. 5 = . Riax |1 2
|QM(S7G)_ (R(S,CL>+’Y<P(S,CL>,VM>)‘ < 1_7 %logg
Proof. The crucial observation is:
R(s,a) +~(P(s,a), Vi) = Z r+Vi(s)).

s')ED

The right-hand side is the average of n i.i.d. random variables r; + vV} (s}), each taking
values in [0, Riax + 7Vinax] = [0, Rmax/(1 — )], with expectation:

Elr +7Vir(s)] = R(s,a) +7 ) _ P(s'|s,a)Vir(s') = Qis(s, a).
The result follows directly from Hoeffding’s inequality. O

The Key Insight: Instead of separately concentrating }A%(s, a) and P (s,a), we treat the
combined quantity r + vV} (s’) as a single random variable. This avoids the (. -to-¢;
conversion entirely—there is no sum over |S| entries! The “price” is that the range of
T4+ YV3(8) iS Rmax/(1 — ) = Vinax (larger than the range of r alone), which introduces a
1/(1 — ~) factor.

From ()-Function Error to Policy Loss

To translate || Q% — Q%/||« into suboptimality, we use the following standard result.
% M p Y) &
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Lemma 7 (Approximate Greedy Policy Loss). If ||Q%, — Qllo < ¢ for some Q € RIS, and

~

Ta(s) = argmax, Q(s, a) is greedy with respect to (), then:

2€Q

Virls) = Val(s) < 7

Vs e S.

Proof. For any state s:

Vir(s) = Vi (s) = Qi (5. mhi(5)) — Qi (5. 75(9)) + Qi (5, 75(5)) — Vo (s)
< Qi (s.m30(9) — Qs, 7 (5))) + (Qls, 75(5)) — Qi (s, 75(5)))
+Qir(s,m5(5)) — Vi (s)
< 22 + Qy(s,75(5)) — Vil (s),

where the second line uses Q(s, Ta(s)) > Q(s,73,(s)) (greedy maximization). For the
remaining term, let a = 75(s):

Q% (5,0) = VoL (s) = R(s,a) + YEgp(isa [Vir(s)] — R(5,a) = VEgmp(isa[Var (5]
= By p()s,a)[Var(s) = Vs (s)]
<AVir = Vil -

Combining and taking the supremum over s: ||V}, — VAZ@ loo < 2eq+7IVE — VAZ@ || o, which
yields the result after rearranging. O

Combining the Pieces

Applying a union bound over all (s, ) in Lemma 6 with failure probability ¢/(|S||.A|) per
pair, we get that with probability at least 1 — 4:

Ruax |1 2|S||A|
STl < mex [ 2 e I

By the contraction bound (Lemma 5):

1 Rupax [ 1 2|S|| A
Q% — O < — /2 —1 .
| % Mlloo < 1—~7 1-~V2n 0g 5

Applying the approximate greedy policy loss (Lemma 7) with Q= Qo and eg = Q% —

* .
i lloo?
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Analysis III Result:

Vi(s) — Vo (s) = o(%) . VseS.
Three Sources of Horizon Dependence: The 1/(1—7)? factor (equivalently, Viyax/(1—7)?)
comes from three distinct sources:
1. Range of value: The random variables r +~V};(s’) have range Viyax = Rmax/(1 —7),
contributing one 1/(1 — ~) factor.
2. Contraction: Translating the Bellman error [|Q7, — T5;Q% [l to |Q% — @3/l via
contraction contributes another 1/(1 — 7).
3. Greedy policy loss: Translating the ()-function error to suboptimality via Lemma 7
contributes the third 1/(1 — 7).
In contrast, Analyses I and II only pay 1/(1 — v)? (quadratic in horizon) because they
directly bound policy evaluation errors without steps 2 and 3.

Discussion: Data Dependence

Animportant subtlety deserves emphasis. In Eq. (6), we compare T5; with )}, a deterministic
function. This is essential for applying Hoeffding’s inequality.

If we had instead used the swapped version [[Q% — Q}[le < ﬁHQ*]\7 — TuQ% |, we
would need to concentrate:

~ ~

(T5@57) (s @) — (Tu Q%) (s, a) = R(s,a) +v(P(s,a), Vi) — R(s,a) — v (P(s,a), V).

> M

It would be tempting to claim that r 4+ yVZ(s') are i.i.d. random variables for (r, s') € D; 4,
with expected value R(s, a) +v(P(s,a), V). But this is not true: V(s') is itself random
and depends on the data in D, ,! Hence Hoeffding’s inequality does not apply directly.

When Can the Argument with V2 Still Work? In cases where the MDP’s state space
forms a directed acyclic graph (DAG)—for example, in finite-horizon MDPs where earlier
states cannot revisit later states—the argument with V= can still work, because V(s')
only depends on the datasets for later state-action pairs, which do not include the current
(s,a) under consideration. This argument is straightforward here because we have a very
simple and clean data collection procedure. However, one must be extremely careful
when using this argument in more realistic settings. For example, in the exploration
setting, even if Vj\%(s’ ) is estimated from datasets not including D; ,, the outcomes in
D, , might have determined which later states have sufficient samples and which do not,
introducing very subtle interdependence with V.
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Connection to Monte-Carlo Tree Search

The independence of n on |S| in Analysis III is the core idea that leads to Sparse Sampling?,
a prototype algorithm for the family of Monte-Carlo tree search (MCTS) algorithms that
played a crucial role in the success of AlphaGo.

Conceptually, we could run the certainty-equivalence method with n set according to
Analysis III (no dependence on |S|). When |S]| is large, collecting n samples for every (s, a)
is impractical. But if we only need to know 7* () for some particular state s, (the setting of
online planning), we can perform lazy evaluation: only generate the datasets for state-action
pairs that contribute to the calculation of Vﬁ(so), and truncate at the effective horizon

Heg = O(1/(1 = 7))

Roughly speaking, this requires a total of (n - | A|)?//(1=7) samples to compute 7*(s,), with
no dependence on |S|. This is remarkable for MDPs with enormous (or even continuous)
state spaces.

Analysis IV: Best of Both Worlds

We have seen two types of analyses:

* Analyses I and II: pay a factor of |S| or 1/|S| in the bound, but only 1/(1 —v)? horizon
dependence.

* Analysis III: no |S| factor, but 1/(1 — v)? horizon dependence.

Can we get the best of both worlds—neither the extra |S| factor nor the extra 1/(1 — )
factor?

The answer is yes, in the large-sample regime. The key insight is to use a more refined
bound on the suboptimality that avoids the intermediate step of bounding [|Q% — Q}|-

Bellman Error to Decision Loss

The following lemma, due to Xie and Jiang (2020), provides a tighter translation from
Bellman residuals to policy suboptimality.

Lemma 8 (Bellman Error to Decision Loss). Let M = (S, A, P, R,~) be an MDP. For any
f € R4, define m;(s) = argmax, f(s,a) (the greedy policy w.r.t. f). Then for any initial
distribution dy € A(S) and any policy

ZKearns et al. (2002).
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Im) = () < 7= (BarlTF = 1+ EursF = T1),

where J(m) = Equq,[V7(s)], T is the Bellman optimality operator, and E,[g] is shorthand for
E(s,a)wu [g(S, CL)]

Proof. The first step uses the optimality of 7 over f: for any state s,
f(s,mp(s)) = max f(s,a) > f(s,7(s)).
Therefore E;qy a~r, [f(s,a)] > Esgyannlf(s,a)], which gives:

J(m) = J(mp) < (‘](W) — Esudgannlf (35 a)]) + (ESNdo,aNTrf [f(s,a)] — J<7Tf))'

For the two differences on the right-hand side, we invoke the Performance Difference
Identity (Lemma 2) twice—once with policy 7, and once with policy 7:

I) ~ Euvaganalf(5:0)] = 1

1
IE:sr\/dmaNWf [f(s’ CL)] a J<7Tf) - 1

Eg [T f — f],

Egms [f = T™ f].

The proof is completed by recognizing that 7" f < T f (the max over actions is at least
as large as any specific action) and 7™/ f = T f (since 7, is greedy w.r.t. f, it achieves the
maximum). ]

Applying Lemma 8
Setting f = Q;TZ’ 7 = my,, and noting that 7, = 7T1*TZ (since the greedy policy w.r.t. Q%Z is the
optimal policy in M ), we get for any initial distribution dy:

1
Twhe) = I () < 7 (B [Tu Qi = Q] + B, [Qf — T i),

Since the expectations are bounded by the /,.-norm (both d™ and A" are distributions),
we immediately obtain:

* Wt\ 2 * *
Vi = Vi llse < :HQM—TMQQHW 7)

by choosing d as the point mass on any state s.
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Comparison with Analysis III: In Analysis III, the path was: [|Q%; — T77Q% |l SACIN

x2/(1

1Q% — Qrllos 252
go directly from the Bellman residual to the suboptimality, paying only 2/(1 — ). This

Vi — ]\T?WHOO, paying a total factor of 2/(1 — 7)% In Eq. (7), we

saves one horizon factor!
The catch is that the Bellman residual in Eq. (7) involves Q% which is data-dependent.

Bounding HQ*]\7 — TMQ*MHoo

To handle the data dependence of ()%, we use a decomposition trick. For any (s, a):

|Q75(s,0) = (TuQF) (s, 0)| = [(TQ7) (s, @) = (Tu Q) (s, a)

|
|( MQM)<7 ) (ﬂ\/f@M)(? )

. 7

TV
(A): “easy” term

+(THQy)(s,0) — (TgQu) (s, a) + (T Qi) (s, @) — (Tu Q) (s,

a)l .

~
(B): “burn-in” term

The idea is to replace Q*M with the deterministic Q},: term (A) is the same object we
analyzed in Analysis III and does not depend on |S|; term (B) is the error incurred by this
replacement.

Bounding term (A). This is identical to the analysis in Section “Analysis III”. By Lemma 6
and a union bound:

T3 5:0) = (T s, = O 222 ).

Bounding term (B). Expanding the Bellman operators:

I MQ =)(s,a) = (TQa) (s, a) + (TuQi) (s, a) — (TwQ%) (s, a)
s,a), V5 — Vi) — (P(s,a), Vi — Vi)

s,a) — P(s ,a),Vﬁ—Vﬁ)‘

<HP(s,a) = P(s, a)llr - [V = Viilloo:

Now we bound each factor separately:

e |P(s,a) — P(s,a)|: can be bounded using the ¢; concentration from Analysis II:
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* |[VE — Vil can be bounded using Analysis III: O(Vinax/ (V1 (1 = 7))).

Therefore, term (B) scales as:

-0 @‘_Vmax N \/E'Vmax
(B)—O< - \/ﬁ(l—’y))_0<—n(1—fy)>'

The Burn-In Term: Term (A) scales as O(1/1/n), while term (B) is the product of two
O(1/4/n) quantities and hence scales as O(1/n). When n is sufficiently large, the O(1/n)
burn-in term is dominated by the O(1/4/n) main term. The burn-in term has worse
dependencies on |S| and 1/(1 — ) compared to the main term, so “sufficiently large n”
means n must exceed some threshold that depends on |S| and 1/(1 — 7).

The Final Bound
Combining terms (A) and (B) with Eq. (7):

(o) +5<M>

*
L 2

Vi = Vi || o <
Vi = Vil < 7=

Vvn n(l—7)

In the large-sample regime where n is sufficiently large relative to |S| and 1/(1 — ) (so that
the 1/n burn-in term is dominated by the 1/1/n term):

Analysis IV Result (Large-Sample Regime):

TE ~ V
V*S—VMs:O(ﬁ), Vs € S.
This achieves neither the extra |S| factor from Analyses I/II nor the extra 1/(1 — ) factor
from Analysis III.

Further Improvements

The bounds can be further improved by replacing Hoeftfding’s inequality with Bernstein’s
inequality (Theorem 2 from Lecture 5), which provides sharper concentration bounds
when the variance of the random variables is substantially smaller than their range squared.

~

In our setting, the range of random variables in the concentration of (P(s,a) — P(s,a),V)
is Vinax, SO the worst-case variance is O(V2,,). However, for certain V (e.g., V = V}}), such

variance cannot be large for all (s, a) simultaneously as it adds up to O(V;2,,) along the

max
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occupancy of 7. Leveraging this property leads to further improved sample complexities.

Summary

We analyzed the tabular certainty-equivalence algorithm for reinforcement learning and
derived four progressively refined sample complexity bounds. The following table
summarizes the results:

Summary of Suboptimality Bounds:

Analysis Suboptimality Bound Key Idea
I: Naive 0] <&> Entry-wise Hoeffding + union bound
' Va(l =) g ®
II: Improved |S| 9) VIS Vi {1 concentration via signed vectors
vn(l—7)
~ Vi
III: No |S @) ( i ) Contraction + direct Hoeffdin
! V(=) °
~( V
IV: Best of both @) ( il ) Bellman residual bound (large n)
Vil =) i

Key Takeaways:

* Analyses I and II work through the Simulation Lemma (model error — value
error). The |S| factor arises from the /..-to-/; conversion in bounding || P — P|l;.
Analysis II improves this via a direct ¢; concentration bound.

* Analysis III bypasses the Simulation Lemma entirely. By working with )}, and
the contraction property, it avoids any dependence on |S|, at the cost of an extra
1/(1 — ) factor.

* Analysis IV combines both approaches. In the large-sample regime, it achieves no
extra |S| and no extra 1/(1 — ), at the cost of a O(1/n) burn-in term.

* The tradeoff between |S| and 1/(1 — ) is a recurring theme in RL theory, arising
from the tension between bounding model errors (which scale with |S|) and
bounding value function errors (which scale with 1/(1 — v)).

3See Azar et al. (2013) and Section 2.3 of Agarwal et al. (2022).
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