Mathematical Principles of Reinforcement Learning Tengyang Xie

Lecture 7: Fitted Q-Iteration

In the previous lectures, we developed a thorough understanding of MDPs and their
solutions: we proved the existence and uniqueness of V'* and Q* via the Bellman equations
(Lectures 1-2), designed efficient planning algorithms such as Value Iteration and Policy
Iteration (Lectures 3—4), and analyzed the sample complexity of the certainty-equivalence
algorithm for model-based RL (Lectures 5-6). All of these results, however, are fundamen-
tally tabular: they require explicitly representing value functions as tables of size |S| x | A
and transition models as tables of size |S|* x |A|. In this lecture, we ask: what happens when
the state space is too large—or even infinite—for tabular methods to be feasible? This question
leads us to the study of function approximation in RL.

From Tabular Methods to Function Approximation

The Curse of Dimensionality

Recall from Lecture 6 that the sample complexity of the certainty-equivalence algorithm
scales as O(|S| - |A|/(2(1 — ~)?)) (in terms of total samples). This means we need at least
|S| - |A| samples just to visit each state-action pair once. In many practical problems, this is
completely infeasible:

* Board games (e.g., Go): |S| ~ 1017,
e Video games (e.g., Atari): states are raw pixel images, giving |S| ~ 256210%160x3,
* Robotics: states are continuous (joint angles, velocities), so |S| = cc.

* Language and dialog: states are conversation histories, giving a combinatorially
large |S|.

The fundamental limitation of tabular methods: both the representation cost (storing
Q(s,a) for all (s,a)) and the statistical cost (needing data at every (s,a)) scale with
|S| x |.A|. For large or continuous state-action spaces, we must generalize across states and
actions, using compact representations that capture the structure of the value function.

Function Approximation for Q-Functions

The key idea is to replace the tabular representation of Q)-functions with a function class
F C RS*A—a set of candidate Q-functions that we believe contains (or approximates) the
true optimal Q-function. Each f € F maps state-action pairs to real values: f : S x A — R.
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Function Approximation: Instead of maintaining a table of |S| x |.A| entries, we represent
Q-functions using a function class F C RS> with | F| potentially much smaller than
|S| x |A] (in a statistical sense).

Examples of function classes.

e Linear function approximation: Given a feature map ¢ : S x A — R?, define
F={(s,a) = ¢(s,a)Tw : w € R4, ||w|| < W}. The complexity of F is controlled by d
rather than |S| x | Al.

* Neural networks: F is the set of functions representable by a neural network of a
given architecture. The complexity is controlled by the number of parameters.

¢ Decision trees, tile coding, radial basis functions: various other structured function
classes used in practice.

Finite vs. infinite function classes. In this lecture, we will assume F is finite but can be
exponentially large. This is a simplifying assumption that already captures the essential
statistical phenomena. For example, a linear class {(s, a) — ¢(s,a)Tw : w € R?} is infinite,
but by discretizing the parameter space to precision §, we can approximate it with a finite
class of size (1/6)?. The key quantity log |F| then becomes dlog(1/4), which is polynomial

in d.

Boundedness. We assume that all functions in F are bounded: || f||oc < Vinax forall f € F,
where Viax = Rimax/(1 — 7). This is natural since Q* satisfies this bound, and we design F
to contain Q*.

Structural Assumptions

Working with function approximation introduces new challenges: the function class F
may not contain the Bellman backup of every function in 7, and the data distribution may
not match the distribution under the optimal policy. We formalize these issues with two
key structural assumptions.

Definition 1 (Realizability). We say F satisfies realizability if Q* € F.
Realizability says that the function class is “rich enough” to contain the optimal Q)-function.

Without it, there is an inherent approximation error that cannot be reduced by collecting
more data.
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Definition 2 (Bellman Completeness). We say F satisfies Bellman completeness if Vf € F,
T [ € F,whereT isthe Bellman optimality operator (T f)(s,a) = E[r | s, a]+7YEyp(s,o)[maxe f(s',a’)].

Bellman completeness says that the function class is “closed” under the Bellman operator:
applying one step of Bellman backup to any function in F yields another function in F.
For finite 7, completeness implies realizability (since Q)* is the fixed point of 7 and the
iterates 70 converge to Q*; by completeness, each iterate is in F, and since F is finite and
closed, Q* € F).

Completeness is stronger than realizability. Realizability only requires Q* € F, while
completeness requires that the Bellman backup of every f € F stays in . Completeness
is naturally satisfied in several important settings:

e Tabular: 7 = RS*4 trivially satisfies completeness.

e Linear MDPs: if P(s' | s,a) = (¢(s,a), u(s")) and r(s,a) = (¢(s,a), 0,) for a feature
map ¢, then the linear class F = {(s,a) — ¢(s,a)"w} satisfies completeness.
However, completeness can fail for generic function classes, and relaxing it is an important

research direction (which we will briefly discuss).

The Batch Setting and Data Distribution

We consider a batch (or offline) setting: we are given a fixed dataset of transition tuples,
and our goal is to learn a good policy from this data without further interaction with the
environment.

Data generation. The dataset D = {(s;, a;, 74, ;) }I, is generated i.i.d. as follows:
(s,a) ~u, r~R(s,a), s ~P(sa),

where 1 € A(S x A) is the data distribution (also called the behavior distribution). We do
not assume y is the occupancy of any particular policy—it can be any distribution over
state-action pairs.

The distribution mismatch problem. A key challenge in batch RL is that the data
distribution p may differ significantly from the state-action distribution induced by the
optimal policy 7*. If i does not cover the states and actions visited by 7*, we cannot hope
to learn 7* reliably. This motivates the following assumption.

Definition 3 (Concentrability Coefficient). Let dj (s, a) == Pr[s, = s,a, = a | so ~ dy, 7] be
the state-action distribution at step h under policy m (where dy is the initial state distribution), for
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h=0,1,2,... We call a state-action distribution v admissible if it takes the form dj, for some step
h and some (possibly non-stationary) policy m. The concentrability coefficient is defined as

v(s,a)

C = max max
v admissible s,a u(s,a)

The concentrability coefficient C' measures how well the data distribution ;1 covers all
state-action distributions that could arise under any policy from the initial distribution dj.
A small C' means i provides good coverage; a large C indicates distribution mismatch.

When is C' bounded? The concentrability coefficient is naturally bounded in several
scenarios:
e Uniform exploration: if ; is uniform over S x A, then C' = |S] - | A|.

* Generative model: if we have the ability to query any (s, a) pair and can choose p
to cover all relevant distributions.

* Ergodic MDPs: in strongly mixing MDPs, any policy’s occupancy is close to the
stationary distribution, so C' can be bounded independently of the horizon.
A fundamental consequence of bounded concentrability is that for any admissible v and
any function g, we have ||g|, < v/C||gl|,. This “change of measure” inequality will be
used repeatedly in our analysis.

Notation
Before proceeding, we collect some notation that will be used throughout.

e For any function g : X — R, any distribution » € A(X), and p > 1, define ||g||,, =
(Eznw[|g(z)[P))'/P. We write ||g]|, as shorthand for ||g||,, -

* Vi(s) == maxuea f(s,a) forany f € RS*4, and 74(s) = argmax,. 4 f(s, a) is the greedy
policy w.r.t. f.

* d" denotes the discounted state-action occupancy of policy m: d"(s,a) = (1 —
7) o7 d7 (5, 0).

® Vinax = Ruax/(1 — 7) is the maximum possible value, where R, is the bound on
rewards.

Fitted Q-Iteration

We now introduce the algorithm we will analyze: Fitted Q-Iteration (FQI). FQI is one of
the most natural and widely-used algorithms for batch RL with function approximation.
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The key idea is to iteratively approximate * by solving a sequence of regression problems.

The Algorithm

Recall that Q* is the unique fixed point of the Bellman optimality operator 7: Q* = TQ*.
Value iteration computes Q* by repeatedly applying 7: fi, = T fi—1. In the function
approximation setting, we cannot compute 7 f,_; exactly (because 7 f;_; may not be in F,
and because we do not know the MDP model). Instead, we project the Bellman backup
onto F using the data.

Define the empirical loss for fitting f to the Bellman backup of f”:
/ 1 /
Lp(f; f) = D] Y (f(sa) —r— V(s )"
(s,a,r,s") €D

This is a standard squared-error regression loss, where the “targets” are r + 7V (s') =
r+ymax, f'(s',a).

The empirical Bellman update operator is defined as:

Trf = argmin Lp(f; f').
feF

Algorithm 1 Fitted Q-Iteration (FQI)

Require: Dataset D = {(s;, a;, i, s;)},, function class F, number of iterations K
1: Initialize fo =0 > assuming 0 € F
2: fork=1,2,...,K do

n

N 1 .
3: fi  Trfr_1 = argmin — E (f(siai) —ri — 7ka_1(s;))2 > least-squares regression
fer n i1

4: end for
5: return greedy policy 7 == 7y,

Relationship to value iteration and Q-learning. FQI is the batch function approximation
analogue of value iteration. Recall that value iteration performs Q41 = 7 Q) exactly. FQI
approximates this by projecting 7 f._; onto F via regression: fj, = argmin ;. » Lp(f; fr-1) =
argmincr || f — T fi—1]|>. Q-learning can be viewed as an online, stochastic variant: it uses
a single sample to perform an incremental update toward 7 f, whereas FQI uses the entire
dataset in each iteration.
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Connection to Supervised Learning

Each iteration of FQI is a standard least-squares regression problem: given input-output
pairs {(s;, a;), ri+vymaxy fr_1(s;,a’ )}, find f € F that minimizes the squared prediction
error. This is exactly the problem solved by supervised learning methods (e.g., linear
regression, neural network training).

FQI reduces RL to a sequence of supervised learning problems. At each iteration,
we construct regression targets y; = r; + v maxy fk,l(sg, a ) using the current iterate
fx—1, then solve a regression problem to obtain f;. The key difference from standard
supervised learning is that the targets y; change across iterations (they depend on fj_,),
creating a “moving target” effect. Under Bellman completeness, the Bellman backup
T fr—1 € F is the conditional mean of the regression target, and hence the optimal
regressor.

Population Loss

It will be convenient to define the population loss (the expected version of Lp):

‘C,u(f; f/) = ED[‘CD(f; f/)] = IE(s,a)w,u, r~R(s,a), s'~P(s,a) [(f(sa CL) - r—= va’(sl))Q] .

Note that (7 f)(s,a) = E[r +~V}/(s') | s,a] is the conditional mean of the regression target
given (s, a), and hence the minimizer of £,,(- ; f') over all measurable functions. By Bellman
completeness, 7 ' € F, so it is also the minimizer over F.

Analysis of FQI

We now analyze the suboptimality J(7*) — J(7') of the policy returned by FQI. This analysis
follows the approach of Munos (2003); Antos et al. (2008); Munos and Szepesvéri (2008),
with simplifications due to our finite-class and completeness assumptions.!

Uniform Deviation Bound

Our analysis relies on a uniform convergence assumption that controls how well the
empirical loss £ approximates the population loss £,,.

Assumption 1 (Uniform Deviation). For the dataset D of size n = | D|, we assume

VEFEF, |Lo(fif) = Lu(fi f) Se

!The presentation in this section closely follows notes by Nan Jiang.
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This assumption can be justified by standard concentration inequalities and a union bound.
Since F is finite, for each pair (f, '), Lp(f; f') is an average of n i.i.d. bounded random
variables. By Hoeffding’s inequality and a union bound over all |F|? pairs, we obtain
e = O(V2,./log |F|/n) with high probability. We will later show how to obtain a sharper
(“fast rate”) bound.

The Performance Difference Lemma

The following identity expresses the value gap between two policies as a weighted sum of
per-step suboptimality terms. It is one of the most useful tools in RL theory.

Lemma 1 (Performance Difference Lemma). For any two policies 7" and 7, and any state s € S:

V™ (s) = V7(s) = > _A"E[V™(s) — Q" (sn,m(sn)) | 50 = 5], (1)
h=0
where sp1 ~ P(sn, m(sp)), i.e., the trajectory is generated by policy w. Taking expectation over
So ~ do: )
J) = J(®) = g Bomar [V7 () = Q7 (5, m(s))]. @

Proof. Define §(s) :== V™ (s) — V7(s). Decompose:

8(s) = [V™(s) = Q" (s5,m(s))] + [Q" (5,7(s)) = V(5)].

For the second term, since V™ (s) = Q" (s, 7(s)):

/

Q™ (s,7(s)) = V™(s) = Q7 (s,7(s)) — Q"(s,7(s))
= <R(S, 7T(S)) + v ES’NP(S,ﬂ'(S)) [Vﬂ/(sl)]>
- (R(s, 7(s)) + ’yEswP(s,w(s))[Vﬂ(S/)])

= Es’NP(Sﬂr(S)) [6<S/)] :

Substituting back:

5(8> = [VW/<S) - Qﬂ/<87 W(S))} + ’YES/N,P(SJT(S))[(S(S/)]'

Let so = s and sj,41 ~ P(sn, 7(sp)). Unrolling the recursion:

= [V’T (s0) — Q“/(so,ﬂ(so))] +7]E[V”l(51) — Q”/(slﬂr(sl)) | 50} + VQ]E[d(sQ) | 50]
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=Y AE[VT(sn) = Q" (s, w(sn) | so] + 77 E[d(su) | s0].

Since [§(s)| < 2Vipax for all s, the remainder v#E[6(sx) | so] — 0 as H — oo, yielding (1).
For (2), take E;, .4, of both sides of (1):

J(@') = J(7) = Egyray [0 ZW o [V (s) = Q7 (s,m(s))]
1 o o
= EESNCF (V™ (s) = Q" (s,7m(s))],
where the last equality uses d™ = (1 — ) > _po " dF. O
When 7' = 7%, each summand in (1) is non-negative, since V*(s) = max, Q*(s,a) >

Q*(s,m(s)) for any .

The classical form. An equivalent statement, due to Kakade and Langford (2002), rolls
out the trajectory under 7’ instead of 7:

V/ Z'Y ]EShNﬂ' "(sp, (Sh))L

where A™(s,a) = Q7 (s,a) — V7 (s) is the advantage function of 7, and sy = s with
Sh+1 ~ P(sp, 7 (sp)). The proof uses an analogous telescoping argument; see Kakade
and Langford 2002 or the MDP Preliminaries notes.

Performance Decomposition

Our goal is to bound J(7*) — J(7), where 7 = 7y, is the greedy policy w.r.t. the final iterate
fx. We use k to denote the number of iterations (and drop the distinction between k and
K for notational simplicity).

Step 1: Applying the Performance Difference Lemma. By Lemma 1 with 7’ = 7* and
7 = T, taking expectation over sy ~ dj:

J(@) = J(@) =Y " Eogp [V7(s) = Q"(5,7(5))]. )

Each summand is non-negative since V*(s) = max, Q*(s,a) > Q*(s, 7(s)).
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Step 2: Adding and subtracting f;,. Now we add and subtract f; terms inside each
expectation:

J(@) = J@) =Y 2 "Eegs [V*(5) = Q*(5,7(5))]

<D B [Q7 (5,7 () = fils, m () + fuls. 7(s) — Q*(s,7(s))].

The inequality holds because V*(s) = Q*(s, 7*(s)) and fi(s,7(s)) = Vj,(s) > fi(s,a) for all
a (since 7 is greedy w.r.t. fi), so fi(s,7(s)) — fi(s,7*(s)) > 0.

Applying the triangle inequality and Cauchy-Schwarz (||g||1,, < ||g].), we obtain:

I = J@) < 3 (1Q" = filh s +1Q" = il )
h=0

<3107 = Filagun +1Q7 = Selligr)- (4)
h=0

Here d7 is treated as a state distribution, and d x 7’ denotes the state-action distribution
obtained by sampling s ~ d} and a ~ 7/(- | s). Both terms in (4) have the form ||Q* — f||,
for some admissible distribution v € A(S x A). So it remains to bound ||Q* — fi||, for any
admissible v.

A Helper Lemma

The following lemma allows us to relate value-function differences to ()-function differences.
It will be used to handle the max operator when we apply the Bellman contraction.

Lemma 2 (V-function to Q-function reduction). For any f, fi, € RS*4, define 7, (s) =
argmax, . 4 max{ f(s,a), fx(s,a)}. Then forall v € A(S),

Proof. We compute:

IV = Vil = 37 () (max (5, 0) — mae s, o))

seS

<D 0S5 (9) = fils, mp 5 (5))

seS

= Hf - kal%/Xﬁf,fk'

2
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The inequality holds because for a* = 7y 4, (s):
’ mt?xf(s, a) o m{?ka(S, CL)‘ < ‘f(‘S? a*> - fk<37 a*)|'

To see this, let M = max, f(s,a), N = max, fx(s,a), and g(a) = max{f(s,a), fx(s,a)},
so a* € argmax, g(a). Assume WLOG M > N. Then max, g(a) = max{M, N} = M, so
gla*) = M. If M > N, then fi(s,a) < N < M for all a, so the value M at a* must be
achieved by f:

f(s,a*) = M, and thus f(s,a*) = fr(s,a*) = M — fi(s,a*) > M — N.

If M = N, then |M — N| = 0 and the claim is trivial. O

Recursive Error Bound

We now bound || fi, — Q*|,, for any admissible v. Define P(v) as the next-state distribution
induced by v: s’ ~ P(v) means (s,a) ~ v, s’ ~ P(s,a).

Step 1: Decompose using the triangle inequality.

W fo = Qv = If = T froer + T froer — Q70
< \fx = T faalle + T for = TQ|-

Step 2: Bound the first term via change of measure. Since v is admissible and
v(s,a)/p(s,a) < C:
1= Tficalle < VCUfi = T fial

Step 3: Bound the second term via Bellman contraction. We claim that
1T fier = TQ Ml < AIVE - = VIpw)- )
To see this:
ITfet = TR = Bgoarr | (Tfi1)(s,0) = (TQ)(5,0)) ]
= By [(vEstP(s,a) Vi (s) = V*(S’)])Q}

< V°E(s.0)r, s'~P(s0) [(Vf,H (s') — V*(s’))Q} (Jensen’s inequality)
=V Vios = VP
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Step 4: Apply Lemma 2 to handle the max.

vak—l - V*HP(V) < ka*l o Q*HP(V)XWJ‘}C—LQ*'

Combining Steps 1-4:

1fe = @My < VO fi = T frallu + A et = QNlpeyxny, ,on- (6)

Since P(v) x 7y, , o+ is also an admissible distribution, we can apply the same bound
recursively. Expanding & times and using || fo — @*[|, < Viax (since fy = 0), we get:

k—1
e = QN < VO AN iy = T hrmialln + 7 Vinas: (7)
=0

Bounding the Per-Iteration Error

It remains to bound || fy —7 fi—1||, for eachiteration. This is where the Bellman completeness
assumption and the uniform deviation bound come into play.

Step 1: Squared loss decomposition. Write the regression targetas Y = r + vV, (¢').
Then 7 fi—1(s,a) = E[Y | s, a] is the conditional mean of Y given (s, a). For any f, add and
subtract T fr_1(s, a):

E
=B, [((f(s.0) = T fir(s.)) + (T froa(s,0) = Y))]
E s,a) — T fr_1(s, a))2] +2E, [(f(s, a) = T fr-1(8, ) (T fr1(s,a) — Y)}
+

The cross term vanishes: conditioned on (s, a), the factor f(s,a) — T fr—1(s,a) is a constant,
and E[Y | s,a] = T fr—1(s, a) implies E[T fr_1(s,a) =Y | s,a] = 0. So

L.(f; fe1) =If = Tfk—l”i + LT fr—1; fr1),

where L,,(T fi—1; fi—1) = E,[(T fe—1(s,a) — Y)?] is the irreducible noise (independent of f).
Rearranging:

| fr — Tfqui = L, (fi; frm1) = Lu(T fr—1; fr1)-
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Step 2: Uniform deviation and optimality of f;.

| fx — Tfkq”i = L,(fr; fe1) = Lu(T fr1; fr1)

< Lp(fr; fe—1) +€ = (Lo(T fr-1; fr—1) —€)
(Assumption 1: f € F by construction, 7 f;_; € F by Bellman completeness)

= Lp(fr; fr—1) = Lo(T fre—1; fr—1) +2¢
< 2e. (fx = argmin;cz Lp(f; fr—1) and T fr_1 € F)

Crucially, the right-hand side does not depend on k: we have || f; — T fx_1]|, < V/2¢ for
every iteration.

Main Result
Substituting || fx—; — T fe—j—1ll, < V2¢ into (7):
Per-iterate error bound: For any admissible v € A(S x A),

1—

I = @l < T

k
v V2Ce + 7kaaX.
Y

Applying this to (4), we obtain our main theorem:

Theorem 3 (FQI Guarantee). Under realizability, Bellman completeness, bounded concentrability
C, and the uniform deviation bound (Assumption 1), the policy T = y, returned by FQI after k
iterations satisfies:

2 1—~F
) — m) < 2 F max | -
J(m*) = J(7) < 1_7(1_7\/ Ce +~"V, )
Proof. From (4), each term ||Q* — fi||, with admissible v is bounded by the per-iterate error
bound. Summing the geometric series Y ;~ ;7" = 1/(1 — 7) and noting that both terms in
(4) have the same bound, we get the factor of 2/(1 — ). O

Choosing the number of iterations. The bound has two terms: the first grows with &
(statistical error accumulation), and the second decays with k (optimization error from

initialization). To balance them, we choose k such that 7*V,,.. ~ v/2Ce/(1 — ~), which

: ~ 1 ‘/max(l_ )
gives k ~ 1— log <T€7>
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The slow rate problem. With the Hoeffding-based uniform deviation bound ¢ =
O(V2,./v/n), the FQI guarantee becomes

J(r*) — J(7) < 5(&) ‘

(=7 w7

The n~!/* rate arises because the bound depends on /z and ¢ itself scales as n /2. This
is a slow rate—can we do better? In the next section, we show how to achieve the faster
n~1/2 rate by exploiting the variance structure of the problem.

Fast Rate via Bernstein’s Inequality

The slow rate in the previous section arose because we used a crude uniform deviation
bound that treats L (f; f') — L,(f; f') uniformly for all f. However, the per-iteration error
| fe — T fr—1ll7, has a special self-bounding structure: the variance of the relevant random
variable is proportional to its expectation. By exploiting this via Bernstein’s inequality, we
can achieve a fast rate of O(n~'/?) in the final bound.

The Y -Variable Trick

The key idea is to work with a different random variable that captures the excess loss.

Define:
2

V(3£ = ((s.0) =r = V()" = ((TF)(s,0) =1 = WVp(s)",
Foreach (s;, a;, 1, s;) € D, pluggingin givesi.i.d.randomvariables Y: (f; f'), Ya(f; f'), ..., Ya(f; f').
Empirical average. It is easy to verify that

LS VU = £l )~ £o(TT ),
i=1
since Y is the difference of squared losses and the term L (7 f'; f') is f-independent.
Population mean. By realizability and the squared-loss decomposition:
EY (f ] = Lu(f: 1) = LTS5 £) = 1f = TF' 1l

So the population mean of Y is exactly the quantity we want to bound: | Txf — TS 12
(when f = Txf").
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Variance Bound
The crucial property of Y is that its variance is controlled by its mean.

Lemma 4 (Variance-mean relationship). For any f, f' € F,
Var[Y (f; f)] < 4V - BV (£; ).
Proof. We bound the variance by the second moment:

Var[Y'(f; )] < E[Y (f; )%

E
E[(((s.0) —r = 3Vp(s))’ = (TF)(s.0) —r =Wy (s))") .

Using the factorization A? — B?> = (A — B)(A + B) with A = f(s,a) —r — 4V (s') and
B = (Tf)(s,a) - r — Vp(s'):
BV (f: £ = E[(£(s.0) — (TF)(.0)* (F(s.0) + (T £)(s.0) - 2r = 29V ("))

<AV, E[(f(s.) — (TF)(s.a))’]
(1 (s,0) + (Tf)(s,) = 2r = 29V} (5')] < 2V)
AV~ THI2 = V2 ELY (f; 1),

Applying Bernstein’s Inequality

We now apply the one-sided Bernstein inequality together with a union bound over all
feF. LetN =|F|

Theorem 5 (Bernstein’s Inequality, one-sided). Let X, ..., X,, be i.i.d. random variables with
| X;| < b. Then with probability at least 1 — o:

E[X] — %i){z < \/QVar[X} log(1/6) N blog(l/&)‘

n 3n

For any fixed f’, applying Bernstein’s inequality to Y1 (f; f'),...,Y,(f; f') for each f € F
(note |Y;| < 4V2,) and taking a union bound, we get that with probability at least 1 — 4, for
all f e F:

2Var[Y (f; f")] log & N 4V2 Jog &

max

BIY (/5] -+ S Vilhi ) < \/

n 3n
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. \/svn%ax V(3N los Y | AV log s

n 3n
where the second line uses the variance bound from Lemma 4.
Using optimality of T=f'. Recall that Trf' = argmin rer Lp(f; f'). Since 7-f' minimizes

Lp(-; [') over F, it also minimizes 1 Y% | Y;(-; f’) (because the two objectives differ by the
f-independent constant L, (7 f'; f')). Therefore:

—Eyfﬁff §jYTff

where the equality holds because Y(T7 f'; f') = Lp(T f'; f') — Lp(T f'; f') = 0 for each
sample.

Substituting into the Bernstein bound with f = Tr fh

n 3n

T £1. 1] . N
E[Y(’?\T}‘f,, f/)] S \/8Vn21ax [Y(,Trfaf)] IOg ) 4Vn%ax lOg ") )

Solving the self-bounding inequality. Letz = ]E[Y(7A} 5 f))] and g = V2, log(N/d)/n.
The inequality becomes = < \/85x + %‘B. By AM-GM, /88x < 5 +4/3, s0

x 4 r 16
<L iupyip=L428
TSy TAT =gt gl
Rearranging gives z < 2 = 2. w. Taking the union bound over all f’ € F (so
= |F| and replacing 6 by ¢ /|F|):

Fast rate for empirical Bellman update: With probability at least 1 — 4,

g Vmax log ‘]:| =0 max lOg ‘f|
3 n n

IT=f = TFI2 =EY (T=f; )] <

This result can be directly plugged into the analysis of Section 3. Setting f' = fi_1 (so
Trf" = fe), weget | f =T fr-allf; = O(Viu Jog | 7] /n) instead of O(e) = O(Viicv/log | F1/n).

The final suboptimality bound becomes:

Theorem 6 (FQI with Fast Rate). Under the same assumptions as Theorem 3, but using the
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Bernstein-based bound, we have with probability at least 1 — o:

* ~ ~ \/6 Vmax
<o )

which achieves the faster O(n~'/?) rate.”

Slow rate vs. fast rate: The improvement from O(n~'/%) to O(n~'/?) is significant. The
slow rate arises from a naive uniform deviation bound that ignores the variance structure.
The fast rate exploits the key insight that the variance of the excess loss is proportional
to its mean (a “self-bounding” property), which enables Bernstein’s inequality to yield
a tighter bound. This is conceptually similar to the improvement from Hoeffding to
Bernstein in the tabular analysis of Lecture 6.

Relaxing the Concentrability Coefficient

The concentrability coefficient C' defined as max, ||/ x|/~ (Where v ranges over admissible
distributions) can be quite large, as it measures the worst-case density ratio over all
state-action pairs. However, inspecting our analysis, we see that C' always appears in the
form:

1f =Tl <VCIf = TF N,

for some f, f' € F. We can therefore redefine C' as a tighter, function-class-dependent
quantity:

Relaxed concentrability: Define

If =TfI2

Cr = W _ T2
F T adneoble e If=Tf2

All previous results hold with C' replaced by C'x.

When F has structural properties, C'r can be significantly tighter than the raw density-
ratio-based C'. For example, when F is linear and Bellman completeness holds, f — T f” is
also a linear function of the features, and C'» measures coverage in the linear feature space
rather than over the raw state-action pairs.

2Formally, applying a union bound over all k iterations. Since we run K = O(1/(1 — ) - log n) iterations,
this adds at most a log n factor.
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Alternative Analysis via Performance Difference Lemma

We now sketch an alternative proof of the FQI guarantee that addresses two aesthetic
shortcomings of the analysis in the previous sections:’

(1) “Ugly” error-propagation policies. The recursive error bound in (6) propagates
errors along the policy 7y, | o+, which in each state takes the action that “witnesses”
the inequality |max, f(s,a) — max, f'(s,a)] < max,|f(s,a) — f'(s,a)|. This is an
artificial policy that does not correspond to any natural decision rule. In contrast,
the ADP literature (Munos and Szepesvéri, 2008) typically propagates errors along
“simple” policies such as 7 for f € F.

(2) Old-style recursive expansion. The previous analysis proceeds by recursively
expanding the error bound % times. Modern approaches in RL theory use cleaner
tools based on the performance difference lemma.

The Performance Difference Lemma for Bellman Error

The following lemma provides a direct connection between the suboptimality of a policy
7 and the Bellman error of f.

Lemma 7 (Performance Difference via Bellman Error). For any policy = and any function
f c RS ><A,

Im) = Irp) < 7= (Bar TS = 1+ B[ = 7).

Proof left as an exercise.

Intuition. The first term E4[7 f — f] measures the Bellman error of f under the
comparator policy’s distribution. The second term E ~;[f — T f] measures the Bellman
error under the learned policy’s distribution. If f is self-consistent (i.e., 7 f = f, meaning
[ = Q™), both terms vanish and 7 is at least as good as 7. This lemma is well-aligned
with modern RL theory because it only involves “simple” policies (m and 7;), making
the coverage requirements more interpretable.

Non-Stationary FQI

A major difficulty in applying Lemma 7 to FQI is that it requires control over the self-
consistency error ||f — T f|, i.e., the learned function should be consistent with its own
Bellman backup. However, in FQI, we only control || f, — T fx_1]|: the iterate f}, is consistent
with the previous iterate f;_;, not with itself.

3This section follows Xie and Jiang (2020) and Chen and Jiang (2019); see also Scherrer and Lesner (2012).
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To overcome this, we consider a different output policy: the non-stationary policy
Tfro = Tfi O Tfpa © 7" O T,

which applies 74, at step 0, 7y, , at step 1, and so on, with 7, at step k£ and arbitrary
actions thereafter. This policy is greedy with respect to the non-stationary value function
fr0 = fro fx—10--- o fo, which assigns f;_; as the Q-function at step h.

The key observation is that fj., is self-consistent in the non-stationary sense: at each step
h, the function f;_; satisfies fy_n ~ T fr_n_1, and fr_j_1 is exactly the next-step function.
This allows us to apply a non-stationary variant of Lemma 7:

Lemma 8 (Non-stationary Performance Difference). Given an arbitrary sequence of functions
for -+ fr € RSA and any (non-stationary) comparator policy =, let # = wy, , (followed by
arbitrary actions after k + 1 steps). Then:

N

-1

J(m) = J(7) < ’Yh <]Ed;§ (T fr—n-1— frn] + Ed;j [fe—n — Tfkfhfl]) + Y*Vinax-
0

>
Il

Proof left as a homework exercise.

Applying the bound. Setting 7 = 7* and using |E, [¢]| < ||¢], (Cauchy-Schwarz) followed
by change of measure ||g||, < v/C|g|,, each term Eap [T fr-n-1 = fr—n] and Eg[fo-n —
T fr—n-1] is bounded by \/5||fk_h — T fe—n-1||,- Summing over h:

* ~ 1—
J(m*) = J(7) < N

k
Y k
- 2VC max [[f; = Tfi-tllu+ 7 Vinax-

Plugging in || f; — T fj—1ll, < V2¢ (slow rate) or || fj — T fi—1lly = O(Vinax+/log | F|/n) (fast

rate):

7 - 2V2Ce 4+ Y*Vipax (slow rate),
-7
J(m) = J(7) <

1 —~F 1

: _77 .0 (w/C’ Voo Ogyl}—') + Y Viax  (fast rate).
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Non-stationary FQI saves a 1/(1—+) factor. Comparing with the guarantee for stationary
FQI (Theorem 3), the non-stationary FQI bound is better by a factor of 1/(1 — ). The
improvement comes from the fact that the non-stationary policy 7y, , automatically
terminates after k steps, avoiding the infinite-horizon accumulation of errors. This
mirrors the observation (from Lecture 3) that non-stationary value iteration converges
faster than stationary value iteration.

Coverage requirement. The distributions that need to be covered by p are those induced
by two types of policies from dy: (7*)" for t < k, and 7y, for 0 < &’ < k. Importantly,
when analyzing the minimax algorithm (Xie and Jiang, 2020; Chen and Jiang, 2019)
using Lemma 7, we only need 1 to cover the discounted occupancy as a whole, rather than
the per-step distributions separately. Here, we do not enjoy this luxury because our
algorithm only controls || f; — 7 fi;—1]|, for each ¢ separately.

From Non-Stationary to Stationary FQI

The non-stationary policy 7y, , requires remembering all past iterates fo, ..., f; and using
a different policy at each step. In practice, we often prefer the simpler stationary policy 7, .
We can relate the performance of stationary FQI to non-stationary FQI using Lemma 1.

By the Performance Difference Lemma (equation (2)) with 7’ = 7* and 7 = 7,

1

EESNd"fk [V*(s) = Q*(s,mp, (5))]

1
= EESW’W [V*(s) = Vo (s)].

J(W*) - ‘](ﬂ—fk) =

The inequality uses the fact that Q*(s, 7y, (s)) > V™ro(s), because Q*(s, 7y, (s)) is the
expected return of starting at s, taking action 7, (s) (which coincides with the first action
of 7y, ,), and then acting optimally thereafter—which is at least as good as following 7, ..

The right-hand side is precisely the suboptimality of 7y, , (with d"/+ playing the role of the
initial distribution), which we can bound using the non-stationary FQI analysis. Compared
to the non-stationary guarantee, the stationary FQI pays an extra 1/(1 — ) factor.

Summary

We analyzed Fitted Q-Iteration (FQI) for batch RL with function approximation, under the
assumptions of realizability, Bellman completeness, and bounded concentrability.
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Summary of Results:

Result Bound Key Idea

Slow rate (Hoeffding) O (1_\/57.)—2%;;/4 Uniform deviation + recursion

Fast rate (Bernstein) 9] (1_\/5’”—2%;’;/2 Self-bounding variance + Bernstein
Non-stationary FQI 0 %) Performance difference lemma

Key Takeaways:

* Each FQI iteration is a regression problem: under Bellman completeness, the
Bayes optimal regressor (the conditional mean 7 f;,_;) is in F, so the per-iteration
error is controlled by log | F| rather than |S| x |.A|. However, unlike standard super-
vised learning, the target changes each iteration and the data distribution y may
differ from the deployment distribution, which is captured by the concentrability
coefficient C'.

* Fast rates are achievable: by exploiting the self-bounding variance structure of the
excess loss (Lemma 4), we apply Bernstein’s inequality to improve from O(n~'/4)
to O(n=1/2).

¢ Concentrability C'is the key complexity measure: it quantifies the distribution
mismatch between data and deployment, and can be relaxed to a function-class-
dependent quantity C'r that is potentially much smaller.

* Non-stationary FQI has better guarantees: it saves a factor of 1/(1 — v) compared
to stationary FQI, at the cost of requiring a non-stationary policy.
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